THE PROBLEM OF SIMPLIFYING TRUTH FUNCTIONS 
W. V. QUINE, Harvard University 


The formulas of the propositional calculus, or the logic of truth functions, 
are here to be understood as built up of the statement letters ‘p’, ‘g’, ‘r’, - + + by 
just the notations of negation, conjunction, and alternation (or disjunction), 
viz. ‘B’, ‘bq’, and ‘p vq’, to any degree of iteration. A formula is valid if it comes 
out true under all assignments of truth values to the letters, and consistent if 
it comes out true under some. One formula implies another if there is no assign- 
ment of truth values which makes the first formula true and the second false. 
Two formulas are equivalent if they imply each other. Implication and equiva- 
lence, so defined, are relations of formulas; they are not to be confused with the 
conditional and biconditional, commonly expressed by ‘)’ and ‘=’. These 
latter notations will be omitted, being translatable into terms of negation, con- 
junction, and alternation in familiar fashion. 

It will be convenient to use the words ‘conjunction’ and ‘alternation’ in 
slightly extended senses. Ordinarily one speaks of a conjunction of two or more 
formulas; but I shall speak also of a conjunction of one formula, meaning thereby 
simply the formula itself. Thus every formula is a conjunction at least of itself. 
Correspondingly for alternation. 

Letters and negations of letters will be spoken of collectively as literals. A 
conjunction of literals will be called a fundamental formula if no letter appears 
in it twice. Literals themselves count as fundamental formulas, in view of my 
broad use of the word ‘conjunction’. Finally any alternation of fundamental 
formulas will be called a normal formula, and the fundamental formulas of which 
it is an alternation will be called its clauses. Fundamental formulas themselves 
count as normal, in view of my broad use of the word ‘alternation’; a funda- 
mental formula is a one-clause normal formula. In general, thus, normal for- 
mulas are simply what have been known in the literature as disjunctive normal 
forms, or alternational normal forms, except that normal formulas are subject 
to one additional requirement: no letter can occur in a clause twice. A normal 
formula cannot contain ‘pgp’ nor ‘pgp’ nor ‘pgp’. Mechanical routines are well 
known for transforming any consistent formula into an equivalent which_is 
normal.* 

But there remains a problem which, despite the trivial character of truth- 
function logic, has proved curiously stubborn; viz., the problem of devising a 
general mechanical procedure for reducing any formula to its simplest equiva- 
lent. Since Shannon’s correlation of the formulas of truth-function logic with 
electric circuits,f this problem of simplification has taken on significance for 
engineering; for, a technique for simplifying truth-functional formulas would be 

* See, ¢.g., §10 of my Methods of Logic, Henry Holt & Co., 1950. 

¢ C. E. Shannon, A symbolic analysis of relay and switching circuits, Trans. Amer. Inst. of 
Electrical Engineers, vol. 57, 1938, pp. 713-723. 
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a technique for simplifying circuits. It is noteworthy that the staff of the Com- 
putation Laboratory of Harvard University have found it worth while to set 
forth elaborate procedures for simplifying truth functions, and even to tabulate 
all the simplest equivalents of formulas involving four or fewer letters. { 

In a certain theoretical sense, indeed, there is no problem. Given any for- 
mula, we can, in principle, survey the totality of simpler formulas involving no 
additional letters; for this totality is finite. By truth tables or otherwise, we can 
test each of these simpler formulas for equivalence to the given formula, and 
thus pick out the simplest equivalent. This procedure is mechanical; what is 
wanted, however, is a mechanical procedure which is short enough to be prac- 
tical. 

Because of the perspicuity and general convenience of normal formulas, an 
interesting specialization of the simplification problem is the problem of finding 
a simplest normal equivalent. In fact we may limit our problem to normal for- 
mulas from start to finish, since the preliminary step of converting a given for- 
mula into some normal equivalent, not necessarily a simplest, presents no 
problem. By limiting our consideration thus to normal formulas we are indeed 
disregarding inconsistent formulas, but this is no real limitation, since a shortest 
equivalent of any inconsistent formula can be supplied out of hand: ‘pp’. So the 
problem which I shall examine is that of converting any normal formula into a 
simplest normal equivalent. This is not the most general form of the simplifica- 
tion problem from the point of view of engineering, since it can happen that some 
short non-normal formula represents a still cheaper electric circuit than any 
normal equivalent. But it will be more than enough to occupy us on the present 
occasion. 

Limiting ourselves to normal formulas, we still have some choice as to our 
measure of simplicity. We might simply count all occurrences of literals and 
alternation signs, or we might put a premium on fewness of clauses and so resort 
to a count of occurrences of literals only when comparing formulas which are 
alike in number of clauses. What I shall have to say in this paper will not require 
any decision, however, between these or other reasonable standards of simplic- 
ity. 

Let us use the Greek letter ‘¢’ to refer to any literal, and ‘d’, ‘yp’, ‘x’ to refer 
to any fundamental formulas, and ‘®’ and ‘W’ more generally to refer to any 
normal formulas. In order to refer to compounds of formulas which are severally 
referred to thus by Greek letters, let us use corresponding compounds of the 
Greek letters themselves; thus where ¢ is taken as ‘f’ and ¢ as ‘pg’, { V¢ is to be 
understood as ‘J v pq’. 

Now it can happen that some clause ¢ is superfluous in a normal formula 
ovV; i.e., that d v¥ is equivalent to V alone. It can also happen that an occur- 
rence of a literal ¢ is superfluous in a normal formula $f vW; #.e., that df v¥ is 
equivalent to ¢ vW alone. Weeding out such superfluous clauses and literals is 


t Synthesis of Electronic Computing and Control Circuits, by the aforementioned staff, headed 
by Howard H. Aiken. Harvard University Press, 1951. 
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the obvious way of reducing normal formulas to simpler normal equivalents. To 
implement this sort of reduction, all we need are convenient techniques for spot- 
ting superfluous clauses and literals. Now such techniques are readily devised, 
as follows. 

To say that ¢ v¥ is equivalent to V is the same as saying that ¢ implies V. 
Also, as is slightly less evident but readily verifiable, to say that ¢f vV is equiv- 
alent to @ vW is the same as saying that ¢ implies { v¥. To test a clause ¢ for 
superfluousness in a normal formula, therefore, we have only to see whether @ 
implies the rest of the normal formula; and to test an occurrence of a literal ¢ 
in a clause $f of a normal formula for superfluousness, we have again only to 
see whether ¢ implies the rest of the normal formula. Now the ¢ in either prob- 
lem is a fundamental formula; and any question of implication on the part of a 
fundamental formula ¢ is always quickly settled. To find whether ¢ implies any 
given formula we have merely to mark as true, throughout the given formula, 
all the letters which occur affirmatively in ¢, and as false all the letters which 
occur negated in ¢, and then see whether the given formula thereupon comes 
out true (for all values of any remaining letters). 

Example 1: We find the clause ‘p?’ of ‘pg v p# v g?’ superfluous by testing to 
see if it implies the rest, ‘pg v G7’. The test of implication consists in putting ‘T’ 
for ‘p’ and ‘F’ for ‘r’ (conformably with ‘p?’) in ‘pq v g?’; the result is ‘Tg v qT’, 
which reduces to ‘gvq’. 

Example 2: We find the first occurrence of ‘g’ in ‘pg v pdr v gq?’ superfluous 
by testing to see if ‘pr’ implies the rest, ‘pg vg v Jg?’. The test of implication con- 
sists in putting ‘T’ for ‘p’ and ‘r’ in ‘pg vg v pg7’; the result ‘Tg vgv FQF’ re- 
duces to ‘gv q’. 

Let us call a normal formula irredundant if it has no superfluous clauses and 
none of its clauses has superfluous literals. We now have a mechanical routine 
for reducing any normal formula to an irredundant equivalent. Summed up, it 
runs as follows. First try each clause in turn to see whether it implies the rest 
of the formula; whenever any clause is found which does imply the rest of the 
formula, delete it once and for all before continuing the survey. After all reduc- 
tions of this type are at an end, then try each “immediate subclause” (a clause 
minus one of its literals) to see whether it implies the rest of the formula; if it 
does, delete the superfluous occurrence of the literal. When this process can be 
carried no farther, we have an irredundant formula. 

It seems reasonable to hope that this procedure of simplification, issuing as 
it does in a normal equivalent which is irredundant, may solve our original 
problem; namely, the problem of reducing any normal formula to a simplest 
normal equivalent. The procedure leads to a normal formula in which no clause 
is superfluous and no occurrences of literals within clauses are superfluous; and 
it seems reasonable to suppose that such a normal formula is as simple as any 
equivalent normal formula can be. 

But this is not so. Consider the normal formula ‘pg v fq v g? v Gr’. This is ir- 
redundant; no clause can be dropped, nor can any occurrences of literals be 
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dropped, without breach of equivalence. Yet this formula has simpler normal 
equivalents, indeed two: both ‘pg v pr v qf’ and ‘fq v p7 v gr’, as can be checked 
by truth tables. These are simpler than the original by any conceivable standard 
of simplicity, but they cannot be got from the original by any process of drop- 
ping or curtailing clauses. 

The routine of eliminating redundancies by dropping or curtailing clauses 
remains useful, for it is quick and easy and it brings gains in simplicity wherever 
it can be used. But it does not assure us always of a simplest result. The remain- 
der of this paper will be devoted to presenting a general procedure for finding 
a really simplest normal equivalent. The procedure will be laborious, but not to 
the point of unmanageability. 

A normal formula is called developed if all of its letters appear in each of its 
clauses; e.g., ‘pg? v pgr’. Any normal formula can be turned into a developed 
equivalent by an obvious procedure: any clause @ which lacks a letter [ can be 
supplanted by its equivalent #f v¢f, and the process can be continued until 
each clause contains each letter, duplicate clauses being dropped as they arise. 
Example: the normal formula ‘pgr vrs’ becomes ‘pqrs v pars v prs v prs’, which 
in turn becomes ‘pgrs v pgrS v pgrs v pars v pars’, a developed normal formula. 
The procedure for finding simplest normal equivalents will take developed nor- 
mal formulas as its point of departure. Meanwhile a couple of auxiliary notions 
must be defined, and their properties established. 


DEFINITIONS: ¢ will be said to subsume y if and only if all the literals whereof 
y is a conjunction are among the literals whereof ¢ is a conjunction. @¢ will be 
called a prime implicant of V if and only if ¢ implies VY and subsumes no shorter 
formula which implies V. ¢ will be called a completion of x with respect to W if 
and only if @ subsumes x and contains all letters of V and no others. 


THEOREM 1. Any simplest normal equivalent of ® is an alternation of prime 
implicants of ®. 


Proof. Every clause of a normal equivalent V of ® implies Y and therefore 
®. So, if Y is not a prime implicant of ®, then y subsumes a shorter formula yp’ 
which implies ® and therefore ¥. But then V has one or more redundant occur- 
rences of literals, in ¥, which could be deleted (as noted in earlier pages) ; so V is 
not a simplest normal equivalent. 

The above theorem brings out the relevance, to our simplification project, 
of listing the prime implicants of a formula ®. The way to obtain such a list will 
become evident, in the case of developed ®, after the next three theorems. 


THEOREM 2, No prime implicant of © contains letters foreign to ®. 


Proof. If ¥f implies © and the letter in ¢ is foreign to , then any assignment 
of truth values which makes yf true will make © true, regardless of {; 7.e., p will 
imply ®, and hence y¥f will not be a prime implicant of ®. 
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THEOREM 3. If ® is a developed normal formula and contains all letters of , 
then y implies ® if and only if all completions of with respect to ® are clauses 
of ®. 


Proof. If y has a completion y’ which is not a clause of &, then each clause 
of ® contains a letter affirmatively which is negated in W’ or vice versa. Then 
the assignment of truth values to letters which makes y’ true makes all clauses 
of ® false, though making y true; so y does not imply ®. Conversely, each as- 
signment of truth values to the letters of ® which makes y true makes some 
completion of y true; so, if all the completions of y are clauses of ®, then each 
assignment which makes yf true makes ® true, and hence y implies ®. 

From Theorems 2 and 3 and the definition of prime implicant, there follows 
this corollary: 


THEOREM 4. is a prime implicant of a developed normal formula ® if and only 
if all letters of ¥ are among those of © and all completions of y with respect to ® are 
clauses of ® and there is no shorter formula p', subsumed by W, such that all com- 
pletions of ' with respect to ® are clauses of ®. 


Theorem 4 enables us, given a developed normal formula ¢; V + + + V@n, to 
arrive at its prime implicants by the following mechanical routine. We make a 
growing list which does not begin as a list of prime implicants, but begins 
rather with ¢i, - - +, @, and is extended according to the following principle: 
whenever two entries can be found in the list which are related as xf and xf 
(thus identical except for a negation sign), add their common part x as a new 
entry in the list. Check marks are to be applied to any entries xf and xf which 
thus generate new entries, but a check mark is not to be treated as disqualifying 
an entry from reuse; thus ‘pgrs’ can be used once with ‘pgr3’ to generate ‘pgr’ 
and once with ‘pgrs’ to generate ‘prs’. When the list has been extended as far as 
possible by the above process, we can read off the prime implicants of gi: Vv + + - 
v¢, from it thus: they are the entries which bear no check marks. 

Example: Suppose ¢:, +--+, are ‘pqrs’, prs’, ‘pats’, ‘pgrs’, ‘pgs’, and 
‘pgs’. The first and third of these six yield ‘pgs’ as a seventh entry in our list; 
the third and fourth yield ‘p#s’ as an eighth; the third and fifth yield ‘pg?’ as a 
ninth; the fourth and sixth yield ‘pg?’ as a tenth; and the fifth and sixth yield 
‘p#5’ as an eleventh. Of the original six entries, all but the second receive check 
marks in the process. Proceeding now to generate still furtheg entries from the 
five added ones, we get ‘p7’ twice and nothing more; and accordingly we apply 
check marks to ‘p#s’ and ‘p73’, and also to ‘pg?’ and ‘pg?’. (Note the necessity 
of applying check marks to all four, despite the duplicate nature of their yield.) 
Surveying the finished list, we find just these entries without checks: ‘Jégrs’, 
‘pgs’, ‘p?’. These are the prime implicants of ‘pgrs v v pats Vv prs v pars 
Vv paqrs’. 

How to use the list of prime implicants, in order to obtain a simplest normal 
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equivalent of a developed normal formula, is suggested by the next theorem to- 
gether with Theorem 1. 


THEOREM 5. If ¥ is a simplest normal equivalent of a developed normal formula 
®, then each clause of ® subsumes a clause of V. 


Proof. Consider any clause ¢ of &. By Theorems 1 and 2, ¥ contains no let- 
ters foreign to ®, nor, therefore, to ¢. Hence any clause of Y which @ does not 
subsume must contain a letter affirmatively which is negated in ¢ or vice versa. 
Hence the assignment of truth values to letters which makes ¢ true will make 
all clauses of VW false except those which @ subsumes. Hence ¢ must subsume 
a clause of WV if ¢ is to imply V. But ¢ does imply Y, since ® is equivalent to V. 

In view of Theorems 1 and 5, we can obtain a panorama of all simplest nor- 
mal equivalents of a developed normal formula ¢, v - + - V¢, as follows. First 
we list the prime implicants, as seen earlier. Then we survey the various sub- 
sets of the list, such that ¢; for each « subsumes a member of the subset. Each 
simplest such subset, written as an alternation, is a simplest normal equivalent 
of di V Von. 

The survey is facilitated by constructing what I shall call the table of prime 
implicants of d, V - + + Von. The abscissas of the table, inscribed across the top, 
are g:, + * , On. The ordinates of the table, inscribed down the left side, are the 
prime implicants of ¢: Vv - + - V@,. In the interior of the table we enter crosses 
in those positions whose abscissas subsume their ordinates. 

For the example ‘pgrs v v pais Vv pgs v pgrs’, whose prime impli- 
cants were derived earlier, the table is this: 


pars x 
pqs Xx x 
pi x x Xx x 


Once we have the table of prime implicants, we canvass all ways of so se- 
lecting ordinates as to represent all abscissas; 7.e., to show crosses under all 
abscissas. We settle upon a selection such that the alternation of the selected 
ordinates will be as simple as possible. In the above example there is no choice; 
no selection of rows, short of all three, exhibits crosses in all columns. So in this 
example the simplest normal equivalent is ‘pgrs v pgs v p?’, which uses all the 
prime implicants. 

For another example let us return to ‘pg v fq vq? v@r', which was cited 
earlier to show that irredundant formulas could have simpler equivalents. To 
find the simplest normal equivalents of this example by our new general method, 
we must first expand the formula into a developed normal formula, then derive 
the list of prime implicants, and finally form the table. The table turns out 


thus: 
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pqr pq? bar bq? par 
Pg x Xx 
Gr x x 
x x 
Pq Xx x 
pr x x 
qi x x 


Survey of the table shows two ways of so picking three rows as to represent all 
columns, so we come out with two simplest normal equivalents, ‘fq v gr v p?’ 
and ‘pg v prvq7’. 

Incidentally the list of prime implicants of a formula ® has other uses be- 
sides its use in obtaining the simplest normal equivalents of ®. It provides a 
panorama of all the fundamental formulas which imply ®; for, the fundamental 
formulas which imply ® are simply the prime implicants and all other funda- 
mental formulas which subsume any of them. 

So far as concerns the topic of the present paper, however, the use of the 
table is in finding shortest normal equivalents. As described thus far, the use 
of the table for this purpose proceeds by exhaustion: trying all the combinations 
of ordinates which represent all abscissas, and comparing all the resulting alter- 
nations for simplicity. Now this process of canvassing the table can be speeded 
up in many examples (though not in the above two) by the following routine of 
preparatory reduction.* 

(i) If any columns of the table of a formula ® contain only one cross apiece, 
then record for future reference the alternation of the ordinates of those crosses. 
Let us call this alternation the core of ®. (The clauses of the core are bound, by 
Theorem 5, to be clauses of any simplest normal equivalent of ®.) 

(ii) Reduce the table by deleting the ordinates concerned in (i), and deleting 
also all abscissas represented by those ordinates. (These abscissas need no fur- 
ther consideration because they will be represented by clauses of our final sim- 
plification of anyway as long as we take care to include the core as part of that 
final simplification.) 

(iii) Wherever in the surviving table there are abscissas ¢; and ¢; such that 
¢; has crosses only in rows in which q; has crosses, delete ¢;. (For, our final for- 
mula is bound to represent ¢; anyway, through representing ¢;.) 


* Note the resemblance of the ensuing operations to the operations on “minimizing charts” 
which are set forth in pp. 56 ff. of Synthesis (see preceding footnote). The clauses of what I call 
the core (below) correspond to what are called “essential combinations” in Synthesis. More accu- 
rately, the clauses of the core are the duals of the essential combinations; for the minimizing charts 
produce conjunctional normal forms, in effect, rather than alternation ones. Between the minimiz- 
ing charts and the tables of the present paper there are profound differences, however, beyond 
that of duality. A minimizing chart begins as a fixed form which depends only on the multiplicity 
of letters concerned, and not on the particular formula at hand. It tends in consequence to be more 
elaborate than the table of prime implicants, 
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(iv) Delete any ordinates whose crosses have all been lost through the can- 
celling of abscissas in (ii) and (iii). 

The reduced table of prime implicants thus achieved can now be subjected to 
the process, described earlier, of canvassing the ways of selecting ordinates and 
singling out the most economical. Each end result thus obtained must be sup- 
plemented by adjoining the core to it, in alternation. 

Example: pqr v p7 v pgs v pr v pqs. 

The table of prime implicants turns out as follows: 


pars pars pars pars pdrs pgrs pars pars pars pGrs 


qr x x 
pF 

br 46,241 

pgs x. 
x x 


Now we apply (i); 7.e., observing that the fifth and ninth columns contain only 
one cross apiece, we record the alternation of the ordinates of those two crosses; 
viz., ‘p7 v pr’. This is the core. Then, applying (ii), we cancel the ordinates ‘p?’ 
and ‘fr’ of the table, and also the eight columns (viz., third through tenth) in 
which those cancelled rows contained crosses. To what is left of the table, we 
apply (iii); this enables us to cancel the first or second column at will, say the 
second. We find no way of applying (iv), so we are now down to our reduced 
table of prime implicants, which is just this: 


pars 
pq x 
qr x 
x 
grs Xx 


Inspection of this table shows just four shortest alternations of ordinates repre- 
senting both abscissas. They are: 


pav pgs, pqvdgrs, avpgs, 
Adjoining any of these by alternation to the core ‘p7 v pr’ gives a simplest nor- 
mal equivalent of the original formula. We thus end up with four simplest nor- 
mal equivalents: 
piv brv PGs, piv pr v bg 
prvagrv G5, piv Br gr v 


Sometimes the reduced table of prime implicants turns out to be an utter 
blank, so that the core stands alone as the simplest normal equivalent. An exam- 
ple is ‘p# v prs v $q7’. Here the table of prime implicants is: 
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pf x x x x 
7 x x x x 
pgs x x 


Applying (i) to this, we obtain ‘p# v g7 v pgs’ as core. All rows and columns 
disappear under (ii), so that we are left with ‘p7 v 7 v pgs’ itself as the simplest 
normal equivalent of ‘p# v pgrs v 

The method admits of one further refinement which, though irrelevant to 
all the foregoing examples, saves much labor where applicable. I am indebted for 
it in part to Nelson Goodman. Given a formula for which a simplest normal 
equivalent is wanted, the new tactic begins by transforming the formula not 
into a developed normal formula, but rather into an irredundant normal formula 
by the routine of the early pages of this paper. This irredundant alternation is 
then separated into as many subsidiary alternations as possible such that no two 
of them have letters in common. (E.g.,‘ pg v7s v fg Vv?’ would be separated into 
‘pg v pq’, ‘#s’, and ‘t’.) Then we expand each of these subsidiary alternations 
independently into developed normal form and proceed to find a simplest nor- 
mal equivalent for it, by use of a reduced table of prime implicants as hitherto 
explained. Finally we make a single alternation of the several results, and this 
is a simplest normal equivalent of the original formula. 

The value of this separation expedient, where applicable, is evident: it saves 
the exorbitant development of all clauses with respect to all missing letters. 
But we must prove that the modified method always leads to the simplest nor- 
mal equivalents. This will be proved as Theorem 8 below; the two intervening 
theorems are needed as lemmas. 


THEOREM 6. The only irredundant normal formulas which are valid are ‘pv p’, 
‘qvq’, etc. 


Proof. Let $f vW be a valid normal formula. Consider then any assignment 
of truth values to letters which makes ¢ true. It makes ¢f v V true, since this 


- is valid; moreover ¢, being true under this assignment, can be deleted from 


$f vW and the result ¢ v¥ will still be true. Thus every assignment which makes 
true makes v¥ true; #.e.,¢ implies v¥. But this implication was seen, in 
early pages of the paper, to be the criterion of superfluousness of the occurrence 
of f in df vW. We see therefore that no valid irredundant normal formula can 
have the form $f vW. Still every valid normal formula is obviously an alterna- 
tion of at least two clauses; any single clause is falsifiable. Therefore every valid 
irredundant normal formula must be an alternation of clauses none of which is 
of the form $f; each of which, in other words, is a single literal. Every valid 
irredundant normal formula has, in short, the form Vv - But obviously 
two of 1, - +--+, ¢, must, for validity of {:v --- vf&n, be negations one of the 
other. But then each of {1, - - - , &, other than those two is superfluous; or rather 
there are no others, since {: Vv --+ Vf, is supposed to be irredundant. So 
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{iv vg, is just ‘pv’, or perhaps ‘gv q’, etc. 


THEOREM 7. If no two of ®,, - + - , ®, have letters in common, and 9 is a prime 
implicant of Biv - ++ V Pn, then > contains letters exclusively of ®; for some 1. 


Proof. By Theorem 2, there is an 7 such that some of the letters of @ appear 
in ®;. Now suppose (which will be proved impossible) that there are also letters 
in @ foreign to ®,; i.e., that @ is Yx where all the letters of y but none of the 
letters of x are letters of ®;. Since ¢ is a prime implicant, neither y nor x implies 
#,v v@,. Hence does not imply ®;, and x does not imply ®v 
v®,. Hence there is an assignment of truth values to the 
letters of ®; which makes y true and 9; false, and there is an assignment of 
truth values to the rest of the alphabet which makes x true and ®,v -- + v®_4 
v@iiVv +--+ v®, false. Pooling the two assignments (which we can do since 
the sets of letters concerned are mutually exclusive), we have an assignment 
which makes ¢ true and ®,v --- v®, false. But this is impossible, since ¢ by 
hypothesis implied - ++ 


THEOREM 8. [f ++ v ®,(a>1) is irredundant and no two of Pi, + + +, 
have letters in common, then any simplest normal equivalent of Piv --- V ®, will 


be of the form Viv vW, where Vi,-++, are equivalent respectively to 
Proof. Let VW be a simplest normal equivalent of #;v --- v®,. Then %, 


for each 7, implies ¥. Now suppose that ®; has no letters in common with V¥. 
Implication can occur without common letters only in the extreme cases where 
the implying formula is inconsistent or the implied one is valid. But ®,, being 
normal, is consistent. SoV would have to be valid. Then its equivalent ® v - - » 
v ®, would be valid, and hence, by Theorem 6, would be simply ‘pv p’ or 
‘gvq@ or the like. But by hypothesis this is impossible; for by hypothesis 
n > 1, and therefore ®,v - -+ v ®, contains two or more distinct letters. We 
conclude, therefore, that ®; for each 7 has letters in common with V. Conversely, 
by Theorems 1 and 7, each clause of VY contains letters exclusively of ®; for 
some 7. Therefore V has the form ¥, v --- vW, where W;, for each 7, contains 
letters exclusively of ®;. It remains to show that ®; implies VY; and vice versa. 
We saw that ®,v --- v®, is not valid; neither, therefore, is its equivalent 
Vv --- vW, valid. So there is an assignment %, of truth values to the letters 
of Viv +++ which makes the latter formula false. 
Consider now any assignment %, of truth values to the letters of ®;, which 
makes ®; true. We can combine % with Y, since the sets of letters concerned are 
mutually exclusive; and the combined assignment makes ®; true andWv -:-: 
vW¥, false. Since the combined assignment makes ®; true, 
it must make --- true (for this latter is equivalent to ®v 
v ,). More particularly then it must make Y; true (for we just noted that it 
made the rest of Wi v - -- vW, false). But the letters of V; receive truth values 
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only from %, not &%; and % was any assignment which makes 9; true. There- 
fore ®; implies V;. An exactly parallel argument, interchanging the roles of 
®, with those of ---,Y,, shows conversely that VY; implies ®;, 
thus completing the proof of Theorem 8. 

Summarized, our results are as follows. We found, to begin with, a fairly 
rapid method of reducing any normal formula (and therefore any consistent 
formula) to the extent of locating and cancelling any redundancies. But we 
found also that an irredundant normal equivalent was not necessarily a simplest 
normal equivalent. Accordingly, taking a fresh start, we worked out a routine 
which could be depended upon to reveal a simplest normal equivalent, and 
indeed all the simplest normal equivalents. This routine, though not unman- 
ageable, turned out to be far more laborious than the method of merely locating 
and cancelling redundancies. Moreover, the two methods are almost independ- 
ent. The laborious method of finding simplest normal equivalents depends on a 
preliminary expansion into a developed normal formula, and this expansion is 
not affected by any previous cancelling of redundancies. The only way in which 
the cancelling of redundancies contributes to the ultimate technique is in con- 
nection with the auxiliary expedient of separation developed in these last few 
pages. Clearly it would be desirable to find a quicker way of getting simplest 
normal equivalents, say by gearing the whole routine to irredundant formulas 
rather than to developed formulas. I have not seen how to manage this. 

It may be useful to note one particular class of normal formulas which can 
be exempted from the foregoing procedures altogether; viz., those normal for- 
mulas in which no one letter occurs both affirmatively and negatively. Such a 
formula is already reduced to simplest normal form as soon as we have merely 
deleted those of its clauses that subsume others of its clauses. I have proved 
this fact elsewhere,* for the case where all letters are affirmative; and the present 
extension then followed by substitution of negations of letters for letters. 


* Dos teoremas sobre funciones de verdad, Memoria del Congreso Cientffico Mexicano, (afio de 
1951), vol. 1 (ciencias fisicas y mateméticas). At press. 


THE DIFFERENTIAL EQUATION OF A CONIC AND ITS 
RELATION TO THE ABERRANCY 


A. W. WALKER, University of Toronto 
1. Introduction. 


(i) General remarks. In this paper, 0 =tan-! (y’) is the angle which the tangent 
at a general point of a plane curve y=y(x) makes with the x-axis; accents and 
dots denote differentiation with respect to x and @ respectively. The notation 
£=¢?=p-*!8 is used, where p is the radius of curvature; any equation relating 
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p, >, or & to 8 will be called an intrinsic equation. It is assumed that the portion 
of the curve y = y(x) under consideration is such that all processes used are valid; 
in particular, we assume that y’’+0 and p ¥ ~, and that the term “conic” im- 
plies a non-linear conic. Certain sign conventions are frequently assumed; these 
should be clear from the context and diagrams. 

(ii) Summary. The usual method of deriving the Cartesian differential equa- 
tion of a conic is to eliminate the constants from the general equation of the 
conic by successive implicit differentiation, thus obtaining the familiar Monge 
form [1,8]. A much more compact and significant form results from an explicit 
approach [10], as shown in Section 2. (For this I am indebted to Mr. E. E. 
Noonan.) 

For the general conic and the circle there is no obvious connection between 
the Cartesian forms of the equation of the curve and the corresponding differ- 
ential equation. For the circle, the connection between the intrinsic forms 
p=constant, =0 is immediate; this suggests that it will be profitable to in- 
vestigate the intrinsic forms for the conic, and this is done in Section 3. A 
remarkably compact Cartesian-intrinsic functional identity is established which 
is useful in identifying the results of Sections 2 and 3 and thus proving the 
sufficiency of the intrinsic forms of the equations. 

The full significance of these differential equations does not appear until we 
interpret them geometrically. The condition that a curve should be a circle is 
that p, the radius of curvature of its evolute, must be zero for all points of the 
curve, and this is the geometrical interpretation of the differential equation of 
the circle. Only the concept of curvature is required here; to interpret similarly 
the differential equation of a conic we need the additional concept of aber- 
rancy [3, 4,5] defined and applied in Section 4. The special case of the rectangu- 
lar hyperbola is treated in Section 5 by an extension of this concept. 

Most of these results are not new, but they do not appear to have been 
previously stated as compactly, or collected to present as complete a picture. 


2. The Cartesian differential equation of a conic. If 50, the general e~ua- 
tion of a conic 


(1) ax® + 2hxy + by? + 2gx + +c =0 
can be expressed in the explicit form 

(2) y= mx+ nt (px? + + 

It follows that 

(3) = (pr — (px? + + 


and therefore (if y’’ 0) we have, with Halphen [10], 
(4) = 0. 
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If (2) represents a parabola, then (transposing and squaring) the second degree 
terms must form a perfect square, 7.e. p=0. Hence, from (3) 


(5) = 0. 
If b=0, 40, then (1) can be expressed in the form y=(ax+f)+/(hxe+), 
and (4) is satisfied. If b=h=0, then y’’’=0 and (4) and (5) are satisfied. 

The differentiations performed above are clearly reversible, so that (4) and 
(5) are also sufficient conditions. We can say, then, that (4) and (5) are the 
differential equations of any non-linear conic and any parabola respectively. 

Expansion of (4) gives us the more familiar (but less significant) Monge 
form [1, 8] of the differential equation, usually obtained by eliminating the 
constants from (1) by successive implicit differentiation. 


3. The intrinsic equations. It is convenient to introduce the notation 
(6) pl = y28/(1 + 


where p is the radius of curvature of the curve y= y(x). 
By a special choice of axes, the equation of any conic can be expressed in 
the form y?= L+ Mx+ Nx’, the x-axis being an axis of symmetry. It follows that 


(7) yy’ + y2%=N 


and therefore yy’’’+3y’y’’ =0, #.e. y*y’’ =constant; and this, with (7), gives y’’ 
in terms of y’. Substituting in (6), we then have, as the intrinsic equation of any 
conic, 


(8) t= ¢? = A+ Bcos 20 


where y’=tan 6 and A, B are constants. The corresponding intrinsic differential 
equation (not involving 6 explicitly) is then 


(9) E+ 


which can be expressed in the alternative form 
d 
(10) + = 0. 


Note that (8), (9) are much more closely related than are the Cartesian forms 
(1), (4). 

If (8) represents a parabola, then as 6-0; hence B= —A, sin? 8, 
and 


(11) 
If (8) represents a rectangular hyperbola, then £0 as 0-7/4; hence A =0 and 
(12) E+ 4t = 0. 


| 


Less compact forms of (9)-(12) are obtained by Perrin [8], using a different 
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approach. (See also Cesaro [7].) 
Differentiating the relation y’=tan 0, we find that 


(13) = (1+ 


Using this where necessary, we can show, by direct calculation from (6), that 
for any curve 


an interesting Cartesian-intrinsic functional identity, the existence of which is 
strongly indicated by a comparison of (4), (5) with (10), (11). This identity, 
together with the results of Section 2, shows at once the sufficiency of the in- 
trinsic forms (8)—(12). 

We note, in passing, that it follows from (14) that (y’’-?/*)’’ is invariant 
under any translation and rotation of rectangular Cartesian axes. Note also 
that from (6), (13) we have =y’’~/3/g?, so by differentiation of (14) we see 
that y’’-/8(y’’-2/3)’"" is invariant. (These results can also, of course, be ob- 
tained by direct transformation, without reference to the intrinsic forms.) Note - 
particularly the Cartesian identities which result from a 90° rotation, i.e. from 
replacing y by x, x by —y. 


4. The concept of aberrancy and its applications. Using only the concept of 
curvature, we can make the following geometrical statements: 

(a) The center of curvature of a circle is the (fixed) center of the circle. 

(b) For a circle, the radius of curvature of the evolute is zero. 

(c) For a straight line, the radius of curvature is infinite. 


N 
H M K 
Fie. 1 


To make similar statements for a conic, we require the additional concept of 
aberrancy, defined for any curve as follows. In Fig. 1, HK with midpoint M 
is a chord of any curve y=y(x) parallel to the tangent at P. As the chord ap- 
proaches the tangent, the angle between PM and the normal PN may approach 
a definite limit x; following Salmon [3], we call x the aberrancy of the curve at P. 
The limiting position of PM is the axis of aberrancy; the limiting position C 
(Fig. 2) of the point of intersection of neighboring axes of aberrancy is the 


* This quantity is the affine curvature; from (10), (11) it is constant for a conic and zero for a 
parabola. (Blaschke [9], pp. 32, 18, 28). 
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center of aberrancy; the length PC=r is the radius of aberrancy; and the locus of 
C is the curve of aberrancy. 

Noting that for a conic the axis of aberrancy will be the diameter which bi- 
sects all chords parallel to the tangent, we see that 


(a) The center of aberrancy of a conic is the (fixed) center of the conic. 
(15) (b) For a central conic, R (Fig. 2), the radius of curvature of the curve 
of aberrancy, is zero. 
(c) For a parabola, the radius of aberrancy r is infinite. 


Fic. 2 


The concept of aberrancy, then, plays the same rolef in the discussion of the 
conic that curvature does for the circle. It was originally introduced by Transon 
[2] (using the name deviation for x) to give a measure of the departure of a curve 
from its circle of curvature; more recent developments have been in the field 
of affine geometry, the axis of aberrancy being the affine normal (Blaschke [9], 
p. 15, 16 fn.). 

In order to obtain the relations which must exist between R, r and (10), 
(11), we require an expression for tan x. In Fig. 1, take PT, PN as axes of x 
and y; then for any point on the curve 


6 6 
v= f p(0)-cos = 


1 
= 
(16) a po 


: t Ina slightly different sense, this is also true for the concept of affine curvature (see previous 
‘ootnote). 
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where p, p, —, — are values at #=0, i.e. at the point P. Assuming an expansion 
for x as a power series in Vy, t.e.x=Ay?+ By+ Cy?!?+ - ++, substituting from 
(16), and equating coefficients, we have A= ++/2p, B= p/3p; and therefore 
(Fig. 1) 


(17) tan x = (xu + xx)/2y = B = p/3p = — §/2§ = — 


By comparison of Fig. 2 with a neighboring configuration, we have, to the 
first order 


— x) = pi0-cos x, and dr = — x) — pdd-sin x 


and therefore 


(18) ro*(1 — x) = cos x 

and 

(19) r¢*r = r¢*R(1 — x) — rsin x = Ros x — rsin x. 
Now from (17) we have ¢= —¢ tan x, and therefore 

(20) = — tan x — psec? x-X = — + sec? x(1 — x). 
It follows from (18), (20) that for any curve 

(21) + = sec x/$*r, 


and we see how (15c) gives the geometrical significance of (11). A less compact 
form of (21) has been given by Transon [2]. 

Again, from (17), (18) we have d(@ sec x)/d8=—@ sec x tan x(i—x) 
= —tan x/¢?r, and this, together with (19), (21), gives for any curve 


d 

Lowe 
and in (15b) we have the geometrical significance of (10). According to Edwards 
[1], some form of (22) has been obtained previously [6]; the writer has not 
been able to check this reference. 

We note that: (a) The sufficiency of the conditions (15) follows from (21), 
(22) and the results of Section 3. (b) As Salmon [3] remarks: (i) Any conic which 
has third order (i.e. 4-point) contact with a curve at P will have at P the same ¢ 
and ¢ as the curve, and therefore, from (17), the same x; hence its center will 
lie on the axis of aberrancy. (ii) In particular, the conic which has fourth order 
contact will have the same ¢, ¢, and ¢, and therefore, from (21), the same r; 
hence its center will be the center of aberrancy. (c) From (21), (10) we have the 
known result ¢/p=constant, where p=r cos x is the length of the perpendicular 
from the center of a conic to the tangent. 

There are, incidentally, many additional ways of obtaining equations (9)- 
(11). For example, if mm: and mz are the slopes (relative to an axis of the conic) of 
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the diameter and tangent through P, we have the familiar property of a conic 
(23) mm; = constant, 


and therefore the relation cot (@— x) tan @=constant should, and does, lead to 
(9), as follows. By logarithmic differentiation, we have (1— x) sin 20 — 
sin 2(@—x) =0; dividing by sin 26 sin 2x, rearranging, and making use of (17), 
we have 


1d 
cot 20 = yee (log tan x) — tan x = £/2, 


which gives (9). 

Alternatively, if O is any fixed point and ¢ and » are the projections of PO 
along and perpendicular to the tangent to a curve at P, we can show that 
p= -—t,i=p—p; from this, (10) and (11) can be deduced in several ways (using 
(17) or the (p, 8) equation of the conic, and taking O as the center or focus). 


5. The rectangular hyperbola. For the rectangular hyperbola, (23) becomes 
mm; = 1, from which it is easy to deduce that the bisector of the angle between 
the diameter and the normal is parallel to an axis of the hyperbola. Hence, if 
for any curve PH (Fig. 3) is the bisector of the angle of aberrancy x and H 


Fic. 3 


is the limiting position of the point of intersection of PH with a neighbor, then 
H will be at infinity if the curve is a rectangular hyperbola. To the first order, 
we have PH-6(@—3x) =p60 cos 4x, so if PQ=t is the projection of PH on 
the tangent, then ¢*t(2— ) =sin x. But just as we obtained (20) from (17), so 
we find that § = —4£+ 2 sec? x(2— x), and therefore for any curve, 


2 sec x tan x 
ot 


(24) E+ 4¢= 
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from which we see the geometrical significance of (12), 7.e. t= © for a rectangu- 
lar hyperbola. 
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THE WILLIAM LOWELL PUTNAM MATHEMATICAL 
COMPETITION 


L. E. BUSH, College of St. Thomas* 


The following results of the twelfth annual William Lowell Putnam Mathe- 
matical Competition held March 22, 1952, have been determined in accordance 
with the constitution of the Competition. This Competition is supported by the 
William Lowell Putnam Intercollegiate Memorial Fund left by Mrs. Putnam 
in memory of her husband and is held under the auspices of The Mathematical 
Association of America. 

The first prize, four hundred dollars, is awarded to the Department of 
Mathematics of Queen’s University, Kingston, Ontario. The members of the 
team were G. R. Cowper, A. H. Reddoch, H. F. Trotter; to each of these a 
prize of forty dollars is awarded. 

The second prize, three hundred dollars, is awarded to the Department of 
Mathematics of Brooklyn College, Brooklyn, New York. The members of the 
team were Paul Cohen, Alan Goldman, Jack Towber; to each of these a prize 
of thirty dollars is awarded. 

The third prize, two hundred dollars, is awarded to the Department of 
Mathematics of Harvard University, Cambridge, Massachusetts. The members 
of the team were Henry Landau, Richard Palais, Gerhard Rayna; to each of 
these a prize of twenty dollars is awarded. 

The fourth prize, one hundred dollars, is awarded to the Department of 
Mathematics of Massachusetts Institute of Technology, Cambridge, Massa- 
chusetts. The members of the team were Walter L. Baily, John E. Kimber, Jr., 


* Director of the competition. 
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Redmond O’Brien; to each of these a prize of ten dollars is awarded. 

The five persons ranking highest in the examination, named in alphabetical 
order, were Walter L. Baily, Massachusetts Institute of Technology; James B. 
Herreshoff, IV, University of California at Berkeley; Gerhard Rayna, Harvard 
University; Eugene R. Rodemich, Washington University, St. Louis; Richard 
G. Swan, Princeton University. Each of these will receive a prize of fifty dollars. 

The five succeeding persons ranking highest in the examination, named in 
alphabetical order, were Paul Cohen, Brooklyn College; Arthur P. Dempster, 
University of Toronto; Herbert C. Kranzer, New York University; Jon Math- 
ews, Pomona College; H. F. Trotter, Queen’s University. To each of these a 
prize of twenty dollars is awarded. 

The following teams, named in alphabetical order, won honorable mention: 
Carnegie Institute of Technology, Pittsburgh, Pennsylvania, the members of 
the team being Robert H. Boyer, John E. Meyer, John S. Nodvik; The City 
College of New York, New York, New York, the members of the team being 
Arnold Benson, Jacob Bricker, Irwin Friedman; Cornell University, Ithaca, 
New York, the members of the team being Alex Colvin, David Hertzig, Michael 
Horowitz; University of Toronto, Toronto, Ontario, the members of the team 
being Fred G. Brauer, Arthur P. Dempster, James R. Jamieson. 

Eleven individuals were given honorable mention. The names are listed in 
alphabetical order. Norman Bauman, Harvard University; Alan F. Berndt, 
Cooper Union; Louis deBranges, Massachusetts Institute of Technology; Jer- 
rold Franklin, Cooper Union; Marshall Freimer, Harvard University; Robert C. 
Gunning, University of Colorado; Michael Horowitz, Cornell University; 
Ralph M. Krause, Harvard University; Leon J. Lander, University of California 
at Los Angeles; Andre Robert, Laval University; Jack Towber, Brooklyn Col- 
lege. 

The following is a list of all colleges and universities which entered teams in 
the Competition. The list, in alphabetical order, is: Arizona State College, Bos- 
ton University, Brooklyn College, Brown University, California Institute of 
Technology, Carleton College, Carnegie Institute of Technology, Catholic Uni- 
versity of America, City College of New York, College of the Holy Cross, Col- 
lege of St. Thomas, Columbia University, Concord College, Cooper Union, 
Cornell University, Harvard University, Haverford College, Knox College, 
Laval University, Loyola College (Montreal), Massachusetts Institute of Tech- 
nology, Memphis State College, McGill University, McMaster University, 
Morris Brown College, New York University, Northwestern University, Poly- 
technic Institute of Brooklyn, Polytechnic Institute of Puerto Rico, Pomona 
College, Princeton University, Purdue University, Queen’s University, Stanford 
University, Tennessee Polytechnic Institute, University of British Columbia, 
University of California (Berkeley), University of California (Los Angeles), 
University of Detroit, University of Kentucky, University of Miami, Univer- 
sity of Minnesota, University of Montreal, University of Nebraska, University 
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of Oregon, University of Rochester, University of Toronto, University of Wash- 
ington (Seattle), Wabash College, Washington University (St. Louis), Wayne 
University, Wheaton College. 

The following additional colleges and universities entered individual con- 
testants only: Bowling Green State University, Clemson Agricultural College, 
Chestnut Hill College, Eastern Nazarene College, Hartwick College, Lehigh 
University, Rosary College, Rutgers University, Texas College, U. S. Naval 
Academy, University of Colorado, University of Cincinnati, University of Flor- 
ida, University of Illinois. 

A total of 295 undergraduates representing 66 institutions took part in the 
Competition. 

The departments of mathematics of any of the competing institutions may 
obtain the rankings of their individual contestants (except that the relative 
rankings of the first five will not be given) by writing to the Director. These 
rankings may now be communicated to the individual contestants by their de- 
partments. Any other departments of mathematics may obtain individual rank- 
ings for the purpose of selecting graduate students. 

Participants in the Competition were given the following lists of problems: 


Part I 
MORNING SESSION: 9:00 A.M. TO 12:00 Noon 


Answer the questions in any order and by any method. Show all of your work in logical sequence 
and indicate your answers clearly. No tables or other books may be used. Use the right hand pages of 
your examination booklet for your solutions, use the left hand pages for scratch work. Cross out any 
work which you do not wish to have considered. Partial credit may be given on a question, even when the 
solution is not completed. 


Omit one question. You must indicate which question is omitted, 
1. Let 


i=—n 
f(s) = 


be a polynomial of degree n with integral coefficients. If ao, an, and f(1) are 
odd, prove that f(x) =0 has no rational roots. 


2. Show that the equation 
dy\? 
dx, 


characterizes a family of conics touching the four sides of a fixed square. 


3. Develop necessary and sufficient conditions which ensure that 11, 72, 7; and 
ri, 73, 7 are simultaneously roots of the equation x*+-ax?+bx+c¢c=0. 


4. The flag of the United Nations consists of a polar map of the world, with the 
North Pole as center, and extending approximately to 45° South Latitude. 
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The parallels of latitude are concentric circles with radii proportional to their 
co-latitudes. Australia is near the periphery of the map, and is intersected by 
the parallel of latitude 30° S. In the very close vicinity of this parallel how 
much are East and West distances exaggerated as compared to North and 
South distances? 


5. Let a;(j=1, 2, +--+, m) be entirely arbitrary numbers except that no one is 
equal to unity. Prove 


n i-1 n 


a+ > 
jul i=l 


6. A man has a rectangular block of wood m by n by r inches (m, n, and r are 
integers). He paints the entire surface of the block, cuts the block into inch 
cubes, and notices that exactly half the cubes are completely unpainted. 
Prove that the number of essentially different blocks with this property 
is finite. (Do mot attempt to enumerate them.) 


7. Directed lines are drawn from the center of a circle, making angles of 0, 
+1, +2, +3,--+- (measured in radians from a prime direction). If these 
lines meet the circle in points Po, Pi, P_1, P2, P-, - - - , show that there is 
no interval on the circumference of the circle which does not contain some 
P;. (You may assume that 7 is irrational.) 


Part II 
AFTERNOON SESSION 2:00 To 5:00 P.M. 

Answer the questions in any order and by any method. Show all of your work in logical sequence 
and indicate your answers clearly. No tables or other books may be used. Use the right hand pages of 
your examination booklet for your solutions, use the left hand pages for scratch work. Cross out any 
work which you do not wish to have considered. Partial credit may be given on a question, even when 
the solution is not completed. 


Omit one question. You must indicate which question is omitted. 

1. A mathematical moron is given two sides and the included angle of a triangle, 
and attempts to use the Law of Cosines: a? =b?+c¢?—2bc cos A, to find the 
third side a. He uses logarithms as follows. He finds log 6 and doubles it; adds 
to that the double of log c; subtracts the sum of the logarithms of 2, b, c, and 
cos A; divides the résult by 2; and takes the anti-logarithm. Although his 
method may be open to suspicion, his computation is accurate. What are the 


necessary and sufficient conditions on the triangle that this method should 
yield the correct result? 


2. Find the surface generated by the solutions of 
dx dy dz 
yo se 


which intersects the circle y?+2?=1, x=0. 
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3. Develop necessary and sufficient conditions that the equation 
0 
0 (a; 0) 
—G3—% 0 
shall have a multiple root. 


4. A homogeneous solid body is made by joining a base of a circular cylinder 
of height / and radius 7, and the base of a hemisphere of radius 7. This body 
is placed with the hemispherical end on a horizontal table, with the axis of 
the cylinder in a vertical position, and then slightly oscillated. It is intuitively 
evident that if r is large as compared to h, the equilibrium will be stable; but 
if r is small as compared to h, the equilibrium will be unstable. What is the 
critical value If the ratio r/h which enables the body to rest in neutral equi- 
librium in any position? 


5. If the terms of a sequence, @,, are monotonic, and if b By a, converges, show 
that n(a,.—Gn41) converges. 


6. Prove: the necessary and sufficient condition that a triangle inscribed in an 
ellipse shall have maximum area is that its centroid coincide with the center 
of the ellipse. 


7. Given any real number Np. If Nj41=cos N;, prove that lim;...N; exists and 
is independent of No. 


MATHEMATICAL NOTES 


EpITEp By F. A. FICKEN, University of Tennessee 


Material for this department should be sent to F. A. Ficken, University of Tennessee, 
Knoxville 16, Tenn. 


A NOTE ON ORTHOPOLAR TRIANGLES* 


Victor THEBAULT, Tennie, Sarthe, France 


It is known that if the sides of a triangle ABC, inscribed in a circle O, have a 
common orthopole with respect to a second triangle A'B'C', inscribed in the same 
circle, then the sides of the second triangle have a common orthopole with respect 
to the first triangle, and the two orthopoles coincide at the midpoint of the line seg- 
ment joining the orthocenters of the two triangles. This theorem, due to S. Kantor 
[1], has been established very simply synthetically by M. Absolome, who has, 


* Translated from the French by Howard Eves. 
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in addition, found an expression for the radius of the circle involved in the 
proposition. It has also been established by T. Lalescu [2] and by F. D. Mur- 
naghan [3], and then generalized by R. Godeau [4], who, moreover, brought to 
light the following proposition: A necessary and sufficient condition for two trian- 
gles ABC and A’B’C’, inscribed in the same circle, to be orthopolar is that, in both 
magnitude and sign, 


arc AA’ + arc BB’ + arc CC’ = 0. 
The ensuing remarks were suggested by this fundamental relation. 


THEOREM. [fT and I” are two intersecting conics with parallel axes, and O is a 
circle passing through one of their common points D and cutting T in A, B, C and 
I’ in A’, B’, C’, then triangles ABC and A'B’C’ are orthopolar. 


For, from a known property, the chords AD and BC common toTI and O are 
equally inclined to the axes of I’, and the chords A’D and B’C’ common to I’ 
and O are equally inclined to the axes of I’. Since the axes of I and I” are parallel 
we have, for some integer k, the angular relation 


' (DA, DA’) + (BC, B’C’) = kr, 
whence 
(OA, OA’) + (OB, OB’) + (OC, OC’) = 2rk, 
or 
arc AA’ + arc BB’ + arc CC’ = 2kr, 
and one theorem is established. 


Coro uary. If the circle O does not pass through a common point of the conics 
T and I", but cuts T in A, B, C, Dand I’ in A’, B’, C’, D’, then 


arc AA’ + arc BB’ + arc CC’ + arc DD’ = 0, 
This equality is obtained from the angular relation 
(AB, A’B’) + (CD, C’D’) = kr, 


or by observing that its form does not change if the chords AB, CD, A’B’, C’D’ 
are displaced parallel to themselves. In the event of a tangency the modification 
of the relation is evident. 


References 
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WEIERSTRASS TENSORS 
C. M. Futon, University of California, Davis 


In this paper we present: (1) a definition of what we call Weierstrass tensors, 
1.e., tensors relative to transformations connecting two Weierstrass coordinate 
systems in a non-Euclidean space of spherical type; and (2) a differentiation 
process which has the property that when applied to a Weierstrass tensor the 
result is such a tensor. 

We begin with a brief description of Weierstrass coordinates, an account of 
which may be found in [5, pp. 204-207] and [2, pp. 133-177]. The range of all 
subscripts will be 1, 2, 3, 4. We make use throughout of the customary summa- 
tion convention, Kronecker deltas, and permutation symbols. If we consider a 
system of rectangular Cartesian coordinates x; in a Euclidean 4-space, then 
x,;x;=1 is the equation of the surface of a unit hypersphere. The latter is a 3- 
space for which the x’s constitute a special type of coordinates, called Weier- 
strass coordinates, subject to the relation 


(1) “ix; = 1. 


The transformations connecting Weierstrass coordinate systems are obviously 
those of the original Cartesian coordinates. Thus we have [5, p. 205] 


(2) = = det ai = 1. 


In order to find a suitable definition of Weierstrass tensors, we note that the 
key transformation laws of ordinary tensor analysis in a space of arbitrary di- 
mensions are those of a tangent vector and of a gradient. For a tangent vector, 
which is a contravariant vector, we have 


dx; 0x; 


dt Ox; 
and for a gradient, which is covariant, 
OU dx, 


Ox; Ox; Oxf 


We want to retain the tensor character of these quantities with due regard to the 
restriction (1). To begin with, we have from (2) 


Ox; Ox; 
= 


Ox; Ox; 


Hence no distinction between covariance and contravariance can be made. If 
now x;=x;,(t) is a curve in the eau 3-space, its tangent vector transforms 
according to 


1952] MATHEMATICAL NOTES 545 


dx; dx, 
= Cir 
dt dt 
Also, differentiating (1) we get 
dx; 
xs 
dt 


On the other hand consider a scalar function U(x, x2, x3, x4). The relation (1) may 
be used to change the functional form of U. Thus the partial derivatives D,U 
=0U/0x,, which obey the desired transformation law, do not take into account 
the coordinate restriction x;x;=1. We therefore have to find a new type of 
derivative independent of the particular form of U. Suppose that U =0 identi- 
cally if x4 is eliminated using (1). Then 


=—DU =0 
and, multiplying by x; and summing for /, 
1 
——DWU =0. 


Elimination of the terms to which the special subscription 4 is attached yields 
the symmetric form 


D,U = 0. 
We now define the gradient of a scalar U as 
(3) VaU = DiU — 


and this definition can be shown to be consistent as follows. If U and V are two 
forms of the same function, according to the above reasoning V,(U—V)=0. 
Hence, V,U= VV. Our gradient can also be obtained as the part of the ordi- 
nary gradient in the imbedding 4-space which belongs to the subspace in the 
sense of being tangent to the hypersphere. Again, as can be seen quite easily, 
VY,U follows the same transformation equation as the x’s and x, V,U =0. Since 
the tangent vector had like properties we are led to the general definition of a 
Weierstrass vector. Following Eisenhart [5, p. 205] we define a vector &; at a 
certain point x; by means of the relations 


(4) = = 0. 


The magnitude é of this vector or tensor of order one is defined by # = &;&;. Let 
us confine the definition of Weierstrass tensors to the typical case of a second- 
order tensor 7; at a point x,. The relations 


(5) Tik = = 0, LeTix = O 
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will characterize such a tensor, being immediate generalizations of (4). 

We insert a few examples to illustrate the close analogies between Weierstrass 
tensors and ordinary tensors. Using (5) it can be shown easily that 5;,—x:x: is a 
tensor of order two. Likewise with the permutation symbol €jzim [3, p. 93] we 
can construct the third-order tensor 


(6) €ikim%m- 


The value of the scalar product of two vectors &;, n; at the point x; is defined as 
£,n;. Furthermore, because of the known inequality (&7:)?S&,£n.. the equa- 
tion £:n;= &n cos @ is a suitable definition of the angle @ of the two vectors. With 
this in mind it can now be seen that the gradient (3) has the usual geometric 
meaning [3, p. 188]: Y,U at a point A(a,) is normal to the level surface U(x;) 
= U(a;). We use now (6) for the vector product 


IX 


which is obviously a vector perpendicular to both &; and 7;. Its magnitude &y sin@ 
is found by means of the contraction 


= (Ses — — — (See — (Ste — 


This fundamental contraction may be obtained by a straightforward manipula- 
tion of determinants [4, p. 32]. At this stage it would be quite simple to show 
that “7 ordinary formulas of spherical trigonometry hold for our 3-space [1, 
p. 44}. 

To conclude this paper we show that a differentiation process can be found 
which applied to a tensor will yield a tensor. We apply the operator Va (3) to 
the identities in (5) and have 


Thk + VaTix = Tih + Xe VaTix = 0. 
Hence it can be seen that 
Vatik + + XLeTin 


is a tensor of order three and represents a proper definition of the derivative of a 
typical tensor 7. Also the differentiation of the sum or product of tensors obeys 
the same rules as in ordinary differentiation. Using this concept of derivative, 
divergence and curl may be defined in the ordinary manner. Moreover it is not 
hard to show that the well-known integral transformations are applicable. 

For simplicity of exposition we have restricted ourselves to the spherical 
case. A slight modification [2, p. 164] would make our treatment valid for ellip- 
tic space. The hyperbolic case could be developed in a similar fashion, although 
it would be analytically cumbersome. 

Finally, we wish to acknowledge with thanks the assistance of the referee 
in revising this paper. 
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CLASSROOM NOTES 


EpitTEp By G. B. THomas, Massachusetts Institute of Technology 


All material for this department should be sent to G. B. Thomas, Department of Mathe- 
matics, Massachusetts Institute of Technology, Cambridge 39, Mass. 


RULINGS 
C. S. Octtvy, Syracuse University 


Unless he has become so mathematically browbeaten by a year or so of the 
calculus that he receives all new concepts with apathy, a student’s curiosity 
should be stimulated and perhaps a healthy skepticism aroused by his first en- 
counter with ruled surfaces. How can a curved surface like a hyperbolic parabo- 
loid contair straight lines? The purpose of this note is to show, by a method 
well within the student’s grasp at this level, not only that rulings exist on cer- 
tain surfaces but that in many special cases it is an easy matter actually to find 
them. 

If the instructor is not averse to a bit of showmanship, he can set the stage 
by the use of a rather striking example. The class has just found approximately 
by differentials the value of 1/1+(1.99)(4.02). The instructor remarks that the 
values of the increments of x and y in the expression »/1+xy must be small 
relative to 2 and 4 in order for the result to be a good approximation. He then 
takes as a counter example increments of 1 and 1, puts them through the for- 
mula for the total differential, and finds to his apparent surprise that the result 
is not approximately but exactly correct: 


y x 
2V1+ xy 2V1+ xy doe], 


Thus :=3+1=4, the exact value of 1/1+(2+1)(4+1). In feigned desperation 
he tries 2, 2 or 3, 3 as increments, only to have the same thing occur: every 
“approximation” gives the exact square root. If he now asks the class what is 
happening, someone should volunteer the suggestion that the instructor has been 


dz 


=1. 
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going out not on a limb but along a ruling of the surface z= V/1+xy. 

The process of the example itself suggests a criterion for the existence of rul- 
ings: if, starting from an arbitrary point (x, y, z) on a surface z=f(x, y) it is 
possible for the whole increment Az to equal the differential element dz, for some 
fixed ratio dx:dy depending only on the point (x, y, s) and not on the size of the 
increments, then f(x, y) represents a ruled surface. 

To say that Az=dz means 


ax dy 


where h=Ax=dx and k=Ay=dy. (1) is a necessary and sufficient condition for 
the existence of rulings; it remains, however, to solve for # in terms of k, or in 
other words to obtain an expression for h/k, to answer the question whether the 
rulings are real, which they are if and only if h/k is real. Unfortunately (1) is 
sometimes an awkward equation to deal with; but we can exhibit a few of the 
many easy immediate applications. 

(a) A proof that z= Ax+By+C is a plane. Equation (1) becomes the iden- 
tity 0=0, which says that the criterion is fulfilled independent of h/k. Starting 
at any point (x, y, z) and going in amy direction on the surface, we are travelling 
along a ruling. This property characterizes a plane. 

(b) z=x?+~y*. (1) yields h?+-k?=0. This is a typical situation where there 
are clearly no rulings, since h, k cannot vary, nor is h/k defined, since h=k=0 
alone satisfies. 

(c) s=x?—y?. From (1) we find h/k= +1. Since these ratios are real, there 
are two families of rulings, whose projections on the xy-plane are two orthogonal 
sets of parallel lines intersecting the axes at 45°. 

Testing by means of (1) is often easier said than done. But in seeking a more 
workable criterion we may have to leave our second year calculus class behind 
as we turn to the Taylor expansion of f(x+h, y+k) around the point f(x, y): 


af(x, y) y) 
oy | 


(1) + hy y +k) — f(%, = 


1 


(2) 1 d*f(x, y) 
+ ee 


If (1) is to hold, the terms of the second and all higher degrees in h, k must van- 
ish identically: 


(3) + 2hkf zy + = 0. 


For a solution real in h/k, the discriminant of (3) must be non-negative: 


Ox? Oxdy dy? | 


(4) S aafvy = 0. 


f 
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Thus (4) is a readily available necessary condition for the existence of rulings: 
all points must be hyperbolic or parabolic. It is obviously not sufficient; for 
all higher terms of (2) must also vanish for the values of 4/k which satisfy (3) 
if rulings are to exist. As an example, take z=xy+x‘—y‘. Equation (4) is satis- 
fied: 


far — fafa ™ 1+ 1442 y >0 for all x, y. 


Hence h/k has two real solutions in (3). However, neither of them annuls iden- 
tically the third order term of (2), and hence the surface is not ruled. 

Equation (3) may be obtained in another way by starting with the assump- 
tion that rulings exist. One can go further and observe that eliminating the 
quantity 4/k between (3) and the equation obtained by setting the third order 
term of (2) equal to zero results in a single partial differential equation of third 
order, namely the differential equation of the general ruled surface. This implies 
that if for a given function a solution of (3) annuls also the third order terms of 
(2), then the surface is ruled. This is indeed the necessary and sufficient condi- 
tion. Its application is tedious, however, and certain shortcuts can be obtained; 
but to develop them here is beyond the scope of this note. 

All treatment of this topic is omitted from most modern textbooks. De Mor- 
gan deals briefly with equation (2) et seg. in his 1842 calculus book (pp. 424-425), 
where he credits the idea to Monge. The differential equation of the general 
ruled surface is of course well known; (see for instance Salmon, Analytic Geome- 
try of Three Dimensions, V Ed., Vol. II, p. 19). Equation (1) appears not to have 
been exploited, although it has the advantage of enlightening the student who is 
not yet ready for (2). 


A NOTE ON INDETERMINATE FORMS 
ROGER OsBorn, The University of Texas 


Recently, in the discussion of indeterminate forms in an elementary calculus 
class, one of the students posed the question, “Why isn’t ~° equal to one?” He 
based this question not on a consideration of the inapplicability of the algebraic 
rule a°=1 to the concept ©, but on the fact that he had yet to see a limit prob- 
lem of the form ° for which the answer was different from 1. 

The first two examples that I chose for illustration had the same fault as 
those in the textbook being used by the class—the answer in each case was 1. 
We found that it was not difficult to construct an example of a limit problem of 
the form ° which had an arbitrarily chosen answer, but that very few were 
given in textbooks. Even though the subject did not warrant the time spent on 
it, we found and worked examples of this type given in fifteen standard texts on 
elementary calculus which were readily available in my office. These ranged 
from old, well accepted treatises on the subject to some of the newer books which 
combine calculus with analytic geometry. The books examined had from five to 
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no problems of the type ° apiece, and in only one of the books* was there a 
problem given of the form ° for which the answer was different from 1. It was 
the conclusion of the class (and of the instructor) that if it is worthwhile to con- 
sider such problems, the cases in which they differ from ordinary algebra should 
be included by the instructor since they are generally not included by the text- 
book. 


ON LINES OF INVARIABILITY OF CONTINUOUS FUNCTIONS 
B. B. Misra, Ravenshaw College, Cuttack, India 


1. It has been stated in Hobson’s Theory of Functions of a Real Variable, 
vol. I (1950), that the lines of invariability of a continuous function defined over 
a finite interval (a, b) may form a finite set or an indefinitely great but enumera- 
ble set (page 348). An example of a continuous function having an enumerable 
set of lines of invariability is given below. 

F(x) is defined in 0<x 31 in the following way: 


F(x) = 1/2* in 1/22! < x 1/22*-*; for » = 1, 2, 3,--- 
F(x) = in 1/2°* < for = 1, 2, 3,--- 
F(0) = 0. 


It is easy to see that F(x) is continuous throughout the interval 0 $x $1; and 
the lines of invariability of F(x) consist of the set of intervals 1/22"—! $x $1/22*-?, 
for n=1, 2, 3, - - + ; and hence form an enumerable set. 


2. Again on page 349 of the same book it is stated that a line of invariability 
is said to be a maximum (or minimum) of the function, if both its end points are 
improper maxima (or minima). From ordinary geometrical analogies, a student 
is likely to think that the extremities of lines of invariability are either improper 
maxima or minima. An example of a function is given below which has a line of 
invariability, the extremities of which are neither improper maxima nor minima. 


F(x) = K + (x + a) sin for 
x+a 

F(x) = K, for -a@Sxsa; 

F(x) = K + (x — a) sin , for «>a. 
x—a@ 


The above function F(x) is continuous; the line of invariability of the func- 
tion is the interval (—a, a). But the end points —a and a are neither improper 
maxima nor minima. 


* Peterson, Thurman S., Elements of Calculus, New York, Harper and Brothers, 1950, p. 155, 
problem 11 is: Limz.,, (e?+x)'/* =e. 
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ELEMENTARY PROBLEMS AND SOLUTIONS 


EpItED By Howarp Eves, State University of New York 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, Champlain College, Plattsburg, New York. This department 
welcomes problems believed to be new, and demanding no tools beyond those ordinarily fur- 
nished in the first two years of college mathematics. To facilitate their consideration, solutions 
should be submitted on separate, signed sheets, within three months after publication of prob- 
lems. 


PROBLEMS FOR SOLUTION 


E 1031. Proposed by A. J. Friedland, Brookhaven National Laboratory, Up- 
ton, L. I. 


A certain game is played between two participants in the following manner. 
A set of numbers is written down and the players alternately cross out any one 
of the numbers and substitute any smaller number until nothing remains but 
zeros. The player putting down the last zero is the winner. What method of play 
should one follow in order to win this game? 


E 1032. Proposed by E. W. Marchand, Eastman Kodak Company, Rochester, 

Solve the differential equation (dy/dx)* —3y(dy/dx)?+4y* =a. 

E 1033. Proposed by G. B. Robison, University of Connecticut 


A horizontal plank is balanced on a cylindrical surface whose elements are 
perpendicular to the length of the plank. What is the cross section of the cylin- 
drical surface if the plank has neutral equilibrium? 


E 1034. Proposed by M. Narasimhamurthy, Presidency College, Madras, In- 
dia 
Add to its own reverse the difference between any four digit number and its 


reverse. What are the possible results and what are the probabilities of getting 
each of these results? 


E 1035. Proposed by Victor Thébault, Tennie, Sarthe, France 


Show that if the circle passing through the feet of the symmedians of a non- 
isosceles triangle of sides a, b, c is tangent to one side, then the quantities 
b?+c?, c?+a?, a?+0?, arranged in some order, are consecutive terms of a geo- 
metric progression. 

SOLUTIONS 


Center and Semi-Axes of a Section of an Ellipsoid 


E 999 [1952, 41]. Proposed by L. G. Johnson, General Motors Corporation, 
Detroit 


Derive general expressions for the coordinates of the center and for the 
lengths of the semi-axes of the ellipse formed by the plane Ax+By+Cz+D=0 
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cutting the ellipsoid x?/a?+y?/b?+2?/c?=1. 


Solution by Roscoe Woods, State University of Iowa. To facilitate the discus- 
sion we shall refer to the given ellipsoid as E, to the given plane as P’, and to the 
section of E by P’ as S. 

In the set of planes parallel to the given plane P’ there are two which are 
tangent to the ellipsoid E. Let T and T”’ be the two points of contact of these 
two planes. From the properties of diametral planes it follows that the centers 
of the sections of E by this system of parallel planes lie on the line T7’, which 
of course passes through the origin, the center of E. 

The plane Ax+ By+Cz=q, where g?=a?A?+b?B*?+ °C’, is tangent to E at 
the point T(xo, yo, 0.) when x) =a?A/q, yo=b?B/g, 29=c?C/g. The equations of 
the line TT’ may then be written in the form x/a?A = y/b?B=2/c?C. This line 
intersects the plane P’ in the point 


E'(—@AD/q, —b*BD/q?, 


which is the sought center of the section S. 

Let P(x, y, z) be any point on S. Denote the direction cosines of E’P by 
i, m, n. Since P lies in the plane P’ we must have AJl+Bm+Cn=0. A short 
calculation shows that the square of the radius vector E’P is given by the equa- 
tion 


(a) (E’P)*p? = a*b*c?(1 — D?/q*), = + + 


From (a) it follows that the square of the radius vector r parallel to E’P in the 
section of E by the plane Ax+ By+Cz+D’=0 is given by the equation 


(b) = — D’?/q?). 
By comparing equations (a) and (b) we may state the well known 


THEOREM. The sections of an ellipsoid by a system of parallel planes are similar 
and similarly placed ellipses. 


To find the semi-axes of the section S we must find the maximum and mini- 
mum values of E’P in (a), remembering that /?-++-m?+n?=1 and Al+Bm+Cn 
=0. It will, however, be simpler to find the semi-axes of the section So of E by 
the plane Po, Ax+By+Cz=0, and make use of the theorem above to find those 
of S. 

The semi-axes of So may be found as follows. The equation of the cone with 
vertex at the origin and passing through the intersection of E and the sphere 
is 


(c) — 1/r?) + y2(1/b? — 1/7?) + 22(1/c? — 1/r?) = 0. 


The plane Pp» intersects the cone (c) in a pair of lines which pass through the 
intersections of the ellipse and the circle which the plane Py cuts from the 
ellipsoid E and the sphere x?+y?+2?=r?. It is evident that the values of r which 


we 
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make these two lines coincide are the semi-axes of the section So. These lines will 
coincide when the plane P» is tangent to the cone (c). The condition is readily 
seen to be 


A?/(1/a? — 1/r?) + B?/(1/b? — 1/r*) + C*/(1/c? — 1/r’) = 0 
which may be written in the form 
rig? — r2[a2A2(b? + 2) + b?B%(a? + + + b?) | 
+ a*b*c?(A? + B? + C?) = 0. 
To complete the solution we proceed as follows. Solve equation (d) for r?, 


denoting the two roots by 7j and r3. The squares of the semi-axes of the section S 
are then given by the expressions 


(d) 


Remark. The interpretation of the proportionality factor 1— D?/q? is readily 
made. For the expressions D?/(A?+B?+(C*) and g?/(A?+B?+C") are respec- 
tively the squares of the perpendicular distances of the given plane P’ and the 
parallel tangent plane from the origin. 


Concyclic Points in a Triangle 
E 1000 [1952, 41]. Proposed by Victor Thébault, Tennie, Sarthe, France 


Let A;, Bi, C, be the midpoints of the sides BC, CA, AB of a triangle ABC, 
A’, B’, C’ the feet of the corresponding altitudes, and G the centroid of the tri- 
angle. Show that the centroid of triangle A’B’C’ and the reflections Az, Bs, C2 
of the centroids of triangles AB’C’, BC’A’, CA’B’ in the lines B,C,, C,Ai, Ai Bi 
are concyclic on a circle with center at G, and that triangles ABC and A2B:C, 
are inversely similar. 


Solution by Josef Andersson, Vaxholm, Sweden. Let G’ and Ga denote the 
centroids of triangles A’B’C’ and AB’C’, respectively, and let Qa denote the 
reflection of G in B,C;. Then 


= (A’A)/3 = 


Also, B,C, perpendicularly bisects GQ4 and A2Ga. It follows that GA2G4Qa is an 
isosceles trapezoid and GG’G,Qa is a parallelogram, and hence that GA,=GG’. 
Similarly, GB; =GC;= GG’, and A», Bo, C2, G’ lie on a circle with center at G. 
Now Az, Bo, C2 are the reflections of G’ in lines through G parallel to the 
sides of triangle ABC. This guarantees that triangle A2B2C, is inversely similar 
to triangle ABC. 
Also solved, with the aid of complex coordinates, by Mary Stephanie. 
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ADVANCED PROBLEMS AND SOLUTIONS 
EpitTeEp By E. P. STarKE, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Rutgers University, New Brunswick, New Jersey. All manuscripts should be typewritten 
with double spacing and margins at least one inch wide. Problems containing results believed to 
be new or extensions of old results are especially sought. Proposers of problems should also en- 
close any solutions or information that will assist the editor. In general, problems in well 
known text books or results in readily accessible sources should not be proposed for this de- 
partment. 

PROBLEMS FOR SOLUTION 


4503. Proposed by Harold Shapiro, Massachusetts Institute of Technology 


Given n points P;,- ++, P, in —1Sx3S1, let 7, denote the product of the 
distances from P; to the other points. Prove 
Tk 


and equality is attained for suitable P;. 
4504. Proposed by Olga Taussky, National Bureau of Standards, Washington, 
D.C. 


Prove that a set S which is closed under an associative composition law 
which satisfies the following three axioms is a group: 

1. There exists an idempotent e such that e?=e. 

2. Every element has at least one left inverse with respect to e. 

3. Every element has at most one right inverse with respect to e. 


4505. Proposed by M. R. Spiegel, Rensselaer Polytechnic Institute, Troy, N.Y. 
1. Show that if 0, =7/2-3*, then 


6, Sin 6, sin 26, 


1 
sin3#, 4 


2. Show that if ¢, is the p-th positive root of tan x =x and 0, =¢,/3", then 


6, sin 6, sin 26, 


n=l] sin 36, 
4506. Proposed by Paul Erdés, University College, London, England 
Let - bean infinite sequence of real numbers, 1/a;<. De- 
note by m=1<m<m< +--+ the numbers of form ][a#*, where the a; are non- 
negative integers. Assume that the number of n; <x equals 
of —— 
f(x) f(x) 
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where f(x) is increasing and f(x?)/f(x) <c, f(2x)/f(x)—1. Show that the number 


of a; Sx equals 
x x 
+ o(—_). 
— Go) 


1 
imo 
The conditions of the theorem are satisfied if, for example, f(x) = (log x)*, c>1. 


4507. Proposed by Leo Moser, University of Alberta, Canada 


In L. E. Dickson, History of the Theory of Numbers, we find the statement: 
Charles de Neuvegelise proved that the products 3-4, - - - , 8-9 of two consecu- 
tive numbers are abundant. 

Prove that there are infinitely many numbers of the form a(¢+1) which are 
deficient. 


SOLUTIONS 
Repeated Moduli of a Continuous Function 
4433 [1951, 266]. Proposed by J. W. Gaddum, University of Missouri 


Let f(z) be a continuous function of a complex variable, finite at 29. Then in 
every neighborhood of zo there are distinct 2;, z2 such that | f(z:)| = | f(a)| . 


I. Solution by Albert Wilansky, Lehigh University. If the conclusion is false 
there is a disk D: | s—z0| Sr in which u(z)= | f(z)| is continuous, real, and takes 
on each of its values at most once. Thus u defines a continuous 1-1 map of D 
into the real axis. Since D is compact, u also has a continuous inverse. Thus we 
have the situation, proved impossible by Brouwer, of a 2-dimensional region 
homeomorphic with a subset of a 1-dimensional region. 


II. Solution by H. D. Block, Iowa State College. Let D be a domain of the 
complex plane. If | f(z)| is constant in D the desired result is obvious. Otherwise, 
the result is a special case of the following 


THEOREM: Let g(z) be a real valued function of the complex variable z, continu- 
ous and not identically constant in D. Then, for each u such that 


inf g(z) < sup g(z), 
2ED 


there are a non-denumerable number of points §2€D such that g(t.) =u. Moreover 
(for each such u) the set C of the & divides D in the following sense. There are 
non-null open sets ACD, BCD, such that A+B+C=D and any rectifiable 
arc in D from any a€A to any b€B must intersect C. 

Proof. Let u be given. Then there are points [;, 2, such that g(¢i1) >w, 
g(f2) <u. Join f1, {2 by a rectifiable arc, C,, lying in D. Then g(z) is a continuous 
function on this arc and hence takes on the intermediate value u=g() with & 
on C;. To obtain further &, we connect 1, {2 with other rectifiable arcs, C., lying 
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in D and having only the points §;, 2 in common. This provides a & on each C4. 
Finally let A be the set of all z in D for which g(z)>u; B the set for which 
g(z) <u. The stated properties are then clear. 

Also solved by F. Bagemihl, P. T. Bateman, V. L. Klee, Jr., M. J. Norris, 
C. S. Ogilvy, L. A. Ringenberg, W. G. Rouleau, W. Seidel, Peter Treuenfels, 
F. H. Young, and the Proposer. 


A Trigonometric Sum and Integral 


4434 [1951, 266]. Proposed by M. R. Spiegel, Rensselaer Polytechnic Insti- 
tute, Troy, N. Y. 


Prove 
n=! sin? (kra/n) 


Sin? (kr/2n) 


* sin? rx 
dx 
o sin? 3x 


Solution by Jack Indritz, University of Minnesota. For m=2, we note 


= 2r(n — 1). OSrsn, 


and thus evaluate 


m—1 


1 — cos mx = 1—cosx+ )> [cos px — cos (p + 1), 
p=1 


Pp 


cos px — cos (p+ 1)x = 1 — cos x — > [cos (q — 1)x — 2 cos gx + cos (q + 1)a], 
q=1 
cos (¢ — 1)“ + cos (¢ + 1)x = 2 cos gx cos x, 
so that 
p 
1 — cos mx = (1 — cos [m+ 20> cos 


p=1 
m—1 
= (1 — cos x) [m+ 2>- (m — j) cos jx]. 
j=l 
It follows that 
sin? -1 — cos mx 


= = (m — j) cos jx, 
sin? $x 1 — cos x j=l 


for 0<3x<m. With m=2r>0 and x=kr/n, the proposed sum equals 


{ 
z 
i 
j 
) 
| 
| 
— 
| 
og 
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[2 +2 b>} (2r — cos | 
kel j=l 


(1) 


2r-1 n—1 


= 2r(n — 1) + 2 (2r — cos (jka/n). 
j=l ket 


From the formula 


i 1 
cos x + cos + cos me = 
we obtain )-%=} cos (jkr/n) = —}[1+(—1)‘]. Hence, from (1), the proposed 
sum equals 2r(m —1) —2r(r —1) =2r(n—r) as required. 


The case r =0 is trivial. 
sin? rx 
dx 
o sin? 


Since 
exists as a Riemann integral, it may be evaluated for integral r as 


"sin? (kra/n) 
= lim + 1 — 2) = Der, 
ket Sin? (kr/ 2n) n 


Also solved by T. M. Apostol, W. Seidel, O. E. Stanaitis, and Chih-yi Wang. 


Right Circular Cone Intersecting a Given Conic 


4435 [1951, 266]. Proposed by J. P. Ballantine, University of Washington, 
Seattle 


Find the locus of points in xyz-space from which the conic b?x?+a*y?=a*b? 
in the plane z=0 looks like a circle. 

I. Solution by C. S. Ogilvy, Syracuse University. The ellipse looks like a circle 
if and only if it is viewed from the vertex of some right circular cone of which it 
is a plane section. The smaller Dandelin sphere* of any such cone is tangent to 
the xy-plane at a focus F. The vertex P of the cone lies in the xz-plane. Let Vi 
be that vertex of the ellipse on the same side of the origin as F, and let V2 be the 
other vertex of the ellipse. Let PV; and PV; be tangent to the sphere at points 
Q: and Q, respectively. Then PV2—PV,=Q2V2—Q1 Vi = FV2—FVi, constant for 
all P. This is the definition of a angen with foci at V; and V2 and a vertex at 
F. Its equation is 


(1) 


(y = 0). 


* The Dandelin spheres are tangent to the cone along a circle and also tangent to the plane of 
the elliptic section. 
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II. Solution by H. S. M. Coxeter, University of Toronto. The enveloping cone 
to any quadric of a confocal system from any point on a focal conic is right- 
circular (George Salmon, Analytic Geometry of Three Dimensions, 6th ed., 1914, 
p. 162). Since the focal conics are degenerate members of the system, it follows 
that either of the two real conics is the locus of points from which the other one 
looks like a circle. If the given ellipse is one of them, with a>), the other is the 
hyperbola (1). 

Also solved by R. S. Underwood and the Proposer. 


Editorial Note. Norman Anning provides the following comments. 

(1) The problem is found as no. 21, p. 92 of Charles Smith, Solid Geometry, 
8th ed., London, 1901. 

(2) Historical references are given in Enciclopedia della Matematiche Elementari, 
v. 2, part 2, pp. 85-87 under the heading, “Coni rotondi passanti per una data 
conica.” Most interesting is the reference to Apollonius: 

There is due to Apollonius, kwuika, book I, propositions 52 to 58, a construc- 
tion of the vertices of circular cones passing through a given conic. See the 
Heiberg edition, v. I, pp. 159-185, or the ver Eecke edition, pp. 97-112. 

(3) A wire model exists which can be used for string constructions and should 
be of interest to a student mathematics club. See Samon-Fiedler, page 446 and 
near it, and also Salmon-Rogers at the end of volume I. 


RECENT PUBLICATIONS 
EpITED By E, P. VANCE, Oberlin College 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 80 Waterman Street, Providence 6, Rhode Island, and not to any 
of the other editors or officers of the Association. 


An Introduction to Applied Mathematics. By J. C. Jaeger. Oxford, 1951. vii+445 
pages. $7.00. 


This is mainly a textbook on differential equations and their applications. 
Assuming no previous knowledge of differential equations on the part of the 
reader it develops their theory from the beginning. The topics covered include 
all of the conventional elementary linear theory together with topics like Bessel’s 
equation, Legendre’s equation, Schrédinger’s equation, boundary-value prob- 
lems with Green’s function and Laplace Transforms. Some of the simpler partial 
differential equations are studied. There are chapters on vectors and numerical 
methods. 

Applications, particularly to dynamics and electricity, are extensively dis- 
cussed. Under dynamics are found harmonic oscillators, coupled systems, some 
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non-linear mechanics, particle and rigid body dynamics including Lagrande’s 
equations and boundary-value problems. Under electricity are found linear 
circuits, vacuum-tube circuits and servomechanisms. 

Among the most interesting features are the treatments of non-linear prob- 
lems, such as relaxation oscillations and vacuum tube circuits, topics not often 
found in books of this type. The chapter on numerical methods includes a sec- 
tion on Southwell’s relaxation methods. 

The chapter headings are as follows: I. Ordinary Differential Equations and 
their Occurrence. II]. Ordinary Linear Differential Equations with Constant 
Coefficients. III. Differential Equations of the First Order. IV. Dynamical 
Problems Leading to Ordinary Linear Differential Equations. V. Electric Cir- 
cuit Theory. VI. Vectors. VII. Particle Dynamics. VIII. Rigid Dynamics. 
IX. The Energy Equations and Lagrange’s Equations. X. Boundary Value 
Problems. XI. Fourier Series and Integrals. XII. Ordinary Linear Differential 
Equations with Variable Coefficients. XIII. Partial Differential Equations. 
XIV. Numerical Methods. 

W. S. Loup 
University of Minnesota 


Advanced Engineering Mathematics. By C. R. Wylie, Jr. McGraw-Hill Book 
Company, 1951. xiii+640 pages. $7.50. 


The above textbook is designed, in the words of the author, to cover “those 
branches of mathematics which a student of engineering or applied science 
normally encounters in the first year or two following his introductory work in 
calculus.” It includes topics from the following fields: elementary differential 
equations, Fourier series and integrals, Laplace transforms, partial differential 
equations, Bessel functions, functions of a complex variable, vector analysis, and 
numerical analysis. An unusually large number of applications of the above 
fields is given. There is an abundance of problems in every chapter. 

Among the noteworthy features of the book the following deserve special 
mention. Chapter 4 includes an excellent discussion of the mathematical equi- 
valence of mechanical and electrical systems. Chapter 6 includes an interesting 
original treatment of inversion of the Laplace transform of a periodic function. 

The explanations and illustrative examples in this book are extensive enough 
so that a student can use it for self-study and reference. The reviewer would also 
recommend it highly to any student who is uncertain about the practical use- 
fulness of mathematics. There are many references to mathematical literature 
for the interested reader in places where complete proofs are not given. 

The chapter headings are as follows: 1. Ordinary Differential Equations of 
the First Order. 2. Linear Differential Equations with Constant Coefficients. 
3. Simultaneous Linear Differential Equations. 4. Mechanical and Electrical 
Circuits. 5. Fourier Series and Integrals. 6. The Laplace Transformation. 
7. Partial Differential Equations (includes orthogonal functions). 8. Bessel Func- 
tions. 9. Analytic Functions of a Complex Variable. 10. Integration in the 
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Complex Plane. 11. Infinite Series in the Complex Plane. 12. The Theory of 
Residues. 13. Conformal Mapping. 14. Analytic Functions and Fluid Mechanics 
(includes some airfoil theory). 15. Vector Analysis. 16. Numerical Analysis (in- 
cludes finite differences and harmonic analysis). Appendix: Selected Topics from 
Algebra and Calculus. 

One error which might be confusing occurs on page 147. The right member 
of the next to last equation should have } added. This arises from the cosine 
term in the integral two lines above when a approaches zero. The last equation 
on page 147 should have 4 in the left member instead of 1. 

A bibliography of references for further reading would be useful. 

On the whole this is an excellent book, clearly written and with broad con- 
tent. It should serve well for both classroom and reference work. 

W. S. Loup 
University of Minnesota 


NEW BOOKS RECEIVED 


An Introduction to the Theory of Differential Equations. By Walter Leighton. 
New York, McGraw-Hill Book Company, 1952. viii+174 pages. $3.50. 

Theory of Matrices. By Sam Perlis. Cambridge, Mass., Addison-Wesley 
Press, Inc., 1952. xiv-+237 pages. 

Symmetry. By Herman Weyl. Princeton, Princeton University Press, 1952. 
8+168 pages. $3.75. 

Ubungen zur Projektiven Geometrie. By H. Herrmann. Basel, Switzerland, 
Verlag Birkhauser, 1952. 168 pages. Bound, 17 Swiss francs; unbound, 14 Swiss 
francs. 

Inequalities. Second Edition. By G. H. Hardy, J. E. Littlewood and G. Polya 
Cambridge, England, at the University Press. (American Branch, 32 West 57th 
St., New York 22, N. Y.), 1952. 12+324 pages. $4.75. 

A New Calculus, Part III. By A. W. Siddons, K. S. Snell and J. B. Morgan. 
Cambridge University Press, 1952. 8+-463 pages. $3.75. 

Methods of Algebraic Geometry, Vol. II. By W. V. D. Hodge and D. Pedoe. 
Cambridge University Press, 1952. 10+394 pages. $7.50. 

The Elements of Analytical Solid Geometry. By Shanti Narayan. India, Doaba 
House, 538 Nai Sarak, Delhi, 1952. viii+-272 pages. Rs. 5. 

Statistical Theory with Engineering Applications. By A. Hald. New York, 
John Wiley and Sons, Inc. xii+783 pages. 

Statistical Tables and Formulas. By A. Hald. New York, John Wiley and 
Sons, Inc. 97 pages. $2.50. 

Calculus of Variations. By Robert Weinstock. New York, McGraw-Hill 
Book Company. x+326 pages. $6.50. 

Differential Calculus. Fifth Edition. By Shanti Narayan. India, Doaba 
House, 538 Nai Sarak, Delhi, 1951. xii+460 pages. 6 Rupees. 

Calculus. By J. F. Randolph. New York, The Macmillan Company, 1952. 
x+483 pages. 
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The Nature of Some of our Physical Concepts. By P. W. Bridgman. New 
York, Philosophical Library, 1952. 64 pages. $2.75. 

Conformal Representation. Second Edition. Cambridge Tracts in Mathe- 
matical Physics, No. 28. By C. Caratheodory. Cambridge University Press, 
1952. 10+115 pages. 12s. 6d. 

Elementary Analysis. By K.O. May. New York, John Wiley and Sons, 1952. 
xviti +635 pages. $5.00. 

Commercial Algebra. By R. M. Parker. New York, American Book Com- 
pany, 1952. vii+263 pages. $3.25. 

Hypothesis Testing in Time Series Analysis. By Peter Whittle. Printed in 
Sweden. American Agents, Hafner Publishing Company, New York. 1951. 121 
pages. $3.50. 

Advanced Calculus. By Wilfred Kaplan. Cambridge, Mass., Addison-Wesley 
Press, Inc., 1952. xiii+679 pages. $8.50. 

Legons de Géometrie Projective. Second Edition. By Lucien Godeaux and 
Octave Rozet. Liége, Belgium, Sciences et Lettres, Boulevard de la Constitu- 
tion, April 9, 1952. 279 pages. 2.800 frs. francais. 

Algebra, Its Big Ideas and Basic Skills, Book II. By D. J. Aiken and K. B. 
Henderson. New York, McGraw-Hill Book Company, 1952. xii+397 pages. 
$2.72. 

An Introduction to Mathematical Physics. By R. A. Houston. Glasgow, Scot- 
land, Blackie and Son, Ltd., 1952. 10+262 pages. 25s. net. 

Grundlag for Den Projective Geometrie. By Johannes Hjelsmlev. Kobenhaven, 
Denmark, Gyldendalske Boghandel-Nordisk. 1952. 

Building Mathematical Concepts in the Elementary School. By P. L. Spencer 
and Marguerite Brydegaard. New York, Henry Holt and Co., 1952. ix+372 
pages. $3.75. 

Electronic Analog Computers. By G. A. Korn and T. M. Korn. New York, 
McGraw-Hill Book Company, 1952. xv +378 pages. $7.00. 


CLUBS AND ALLIED ACTIVITIES 
EpITEp By H. D. Larsen, Albion College 


Send reports of special features, student papers, bibliographies of program topics, and 
other material of interest to clubs and undergraduate students to H. D. Larsen, Albion College, 
Albion, Michigan. 


DO YOU WANT TO MAJOR IN MATHEMATICS? 
The University of Georgia Mathematics Department 


1. Question: In what does a major in mathematics consist? 
Answer: A major in mathematics consists of a minimum of two or three 
mathematics courses in advance of the usual college calculus, coupled with 
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some study of physical science. 


. Question: What subjects other than mathematics should a student major- 


ing in mathematics take while in college? 

Answer: A student majoring in mathematics should have as broad a founda- 
tion in the “arts” generally as is feasible. Particularly he should take work 
in physics, some work in statistics, and at least one basic course in philos- 
ophy. 


. Question: What professional advantages are to be derived from majoring 


in mathematics? 

Answer: A student who majors in mathematics may become a professional 
mathematician or may use his mathematics in a variety of other profes- 
sional ways. Among these one can mention junior college and secondary 
school teaching, actuarial work, statistical work, civil service employment 
of various kinds and industrial and business positions of considerable 
variety. 


. Question: Is a mathematics major a good foundation for professions which 


are not strictly mathematical? 

Answer: A mathematics major is generally regarded as one of the best 
preparations for those professions which require accurate work and precise 
reasoning. Thus mathematics is particularly important for persons desiring 
to enter scientific work of any description, engineering or law or any of their 
allied occupations. 


. Question: Is a person who graduates with a major in mathematics prepared 


to be a professional mathematician? 
Answer: No. Special pamphlets* have been prepared on the professional 
mathematician and his career to which the interested student is referred. 


. Question: Are there advantages other than financial which are to be derived 


from majoring in mathematics? 

Answer: Yes. Mathematical ability and training are sources of permanent 
satisfaction to those who have them. There is nothing which attests mental 
power as well as mathematics. It also is one of the oldest and largest fields 
of human endeavor and some knowledge of its processes and history is 
necessary for an understanding of civilization. Certainly no one can under- 
stand the advance of science who does not have an appreciation of the 
mathematical method. 


. Question: What type of student should major in mathematics? 


Answer: Only students who have achieved above the average in their school 
grades particularly in mathematics and who are interested in the subject 


should attempt a mathematics major. 


* One of these, also prepared by the University of Georgia Mathematics Department, will be 
printed in an early issue of this MONTHLY. Another such pamphlet appeared in the January 1951 
issue of this MONTHLY; reprints of this are available at 25 cents (or 10 for $1.00) from the office of 
the Mathematical Association of America, University of Buffalo, Buffalo 14, New York. 
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8. Question: What salary can a teacher in a secondary school or junior college 
expect? 

Answer: The teacher in a secondary school or junior college can expect a 
salary not in excess of $5000 per year. Beginning salaries would be certainly 
less. Allied administrative positions sometimes pay considerably more. 

9. Question: What salary can a teacher of university grade expect? 
Answer: For success as a university teacher some years of graduate study 
must follow an undergraduate major. Few university teachers of mathe- 
matics are paid as much as $15,000 per year. Salaries range from $3000 up 
to $15,000. 

10. Question: What salary can an actuary expect? 
Answer: There are a number of actuaries in America who are paid a salary 
in excess of $20,000 per year. However, the beginner in the actuarial office 
does not often receive more than $200 per month. 

11. Question: What salary can a statistician expect? 
Answer: If a person has one or two years training in statistics beyond his 
undergraduate work, he may well expect a salary ranging from $4000 to 
$10,000. 

12. Question: What salary can a government employee expect? 
Answer: Salaries for mathematicians in government employ range from 
$2400 to $8000. Salaries in the upper brackets are obtained only by mathe- 
maticians of maturity and experience. 

13. Question: What money can a person earn from writing mathematics books? 
Answer: Royalties paid to some writers of mathematics text books exceed 
$25,000 per year. 


NEWS AND NOTICES 
EpITED By EpitH R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending 
news items to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
must be submitted at-least two months before publication can take place. 


FELLOWSHIPS OF THE AMERICAN ASSOCIATION OF UNIVERSITY WOMEN 


Twenty-five fellowships are offered by the American Association of Univer- 
sity Women to American women for advanced study or research during the aca- 
demic year 1953-54. In general, the $1,500 fellowships are awarded to young 
women who have completed two years of residence work for the Ph.D. degree 
or who have already received the degree; the $2,000-$2,200 awards to more ad- 
vanced students or those who may need to study abroad; the $3,000 awards to 
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more mature scholars who need a year of uninterrupted work for writing and 
research. 

Applications and supporting materials must reach the office in Washington 
by December 15, 1952. For detailed information concerning these fellowships 
and instructions for applying, address the Secretary, Committee on Fellowship 
Awards, American Association of University Women, 1634 Eye Street, N.W., 
Washington 6, D. C. 


PERSONAL ITEMS 


Professor A. A. Albert of the University of .Chicago has been appointed 
Chairman of the Division of Mathematics of the National Research Council. 

Professor K. J. Arnold of Michigan State College has been elected Secretary- 
Treasurer of the Institute of Mathematical Statistics for the term July 1, 1952 
to June 30, 1955. 

The newly-elected officers of the Mathematics Division of the American So- 
ciety for Engineering Education are: Chairman, Dr. C. V. Newsom, Associate 
Commissioner for Higher Education, University of the State of New York; Sec- 
retary-Treasurer, Professor J. H. Zant, Oklahoma Agricultural and Mechanical 
College; Director, Professor H. M. Gehman, University of Buffalo. 

Central State College, Oklahoma, announces the following: Mrs. Mary E. 
Waller has returned to her position as Assistant Professor of Mathematics after 
a year’s leave of absence; Associate Professor Truman Wester is on leave of ab- 
sence during 1952-53 and is engaged in graduate study at the University of 
Oklahoma. 

Cornell University reports the following: Dr. Jack Kiefer and Dr. A. S. Sha- 
piro have been promoted to assistant professorships; Dr. Pierre Samuel has been 
appointed to an assistant professorship; Dr. Lionel Weiss has been appointed 
Visiting Assistant Professor; Mr. N. T. Hamilton, Dr. Hyman Kamel, and Dr. 
Ilse L. Novak, who has been at the Institute for Advanced Study, have been 
appointed to instructorships; Mr. Jean-Pierre Meyer has been granted a National 
Science Foundation Fellowship; Associate Professor Harry Pollard is on leave 
of absence during 1952-53 and is at the Institute for Advanced Study; Professor 
Jacob Wolfowitz is also on leave of absence and is spending the first term of 
1952-53 at the University of California and the second term at the University 
of Illinois. 

At Oberlin College: Instructor A. G. Anderson has been promoted to an as- 
sistant professorship; Mr. E. H. Crisler has been appointed to an instructorship; 
Dr. W. R. Orton, who has been studying during the past year in Paris on a 
Fulbright Fellowship, has been appointed to an instructorship; Professor C. H. 
Yeaton has retired with the title of Emeritus Professor; Assistant Professor 
Bryant Tuckerman has been granted a year’s leave of absence effective July 1, 
1952. 

Kansas State College announces the following: Dr. L. E. Fuller who has 
been with the Goodyear Aircraft Corporation has been appointed to an assistant 
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professorship at Kansas State College; Assistant Professor Violet H. Larney is 
on leave of absence for the academic year 1952-53 and is at New York State 
College for Teachers, Albany. 

Montana State College reports: Associate Professor Henry Antosiewicz has 
been granted a year’s leave of absence to take a research position at American 
University; Professor J. J. Livers who has been on leave of absence during 
1951-52 has resigned to accept a permanent position with the Boeing Aircraft 
Corporation, Seattle, Washington. 

At the University of Chicago: Dr. M. H. Stone, Andrew MacLeish Distin- 
guished Service Professor of Mathematics, has completed his second term as 
Chairman of the Department; Professor Saunders MacLane is now Chairman 
of the Department of Mathematics. 

University of Colorado makes the following announcements: Visiting Pro- 
fessor Sarvadaman Chowla of the University of Kansas has been appointed to a 
professorship; Mr. Robert Osserman of Harvard University has been appointed 
to an instructorship. 

University of Florida announces the following: Associate Professor H. A. 
Meyer has been promoted to a professorship; Assistant Professor David Ellis 
has been promoted to an associate professorship; Mr. S. T. Gormsen and Dr. 
J. W. Young have been promoted to assistant professorships; Professor D. E. 
South of the University of Kentucky has been appointed to a professorship; 
Mr. W. P. Morse, who has been a graduate assistant at the University, has been 
appointed to an instructorship. 

The University of Washington reports: Associate Professor H. S. Zucker- 
man has been promoted to a professorship; Assistant Professor E. Paulson has 
been promoted to an associate professorship; Instructors R. W. Ball and 
R. P. Peterson have been promoted to assistant professorships; Dr. L. A. Koko- 
ris of the University of Chicago has been appointed to an instructorship; Pro- 
fessor Z. W. Birnbaum and Associate Professor E. Hewitt have returned from 
leaves of absence; Assistant Professor F. Yagi is on sabbatical leave at Massa- 
chusetts Institute of Technology for the current academic year. 

University of Wisconsin announces the promotions of Associate Professors 
R. H. Bing and R. H. Bruck to professorships. 

Mr. A. G. Andersson, formerly a student at the University of Alabama, is 
now a graduate student at Uppsala University, Uppsala, Sweden. 

Mr. P. N. Armstrong who has been a student at the University of Nebraska 
has accepted a position as Technical Engineer with International Business Ma- 
chines, New York City. 

Mr. P. H. Arnold has received an appointment as Staff Member with the 
Sandia Corporation, Albuquerque, New Mexico. 

Professor J. G. Bowker, head of the Department of Mathematics at Middle- 
bury College, has been appointed Baldwin Professor of Mathematics and Nat- 
ural Philosophy. 

Associate Professor Evelyn Boyd of Fisk University has accepted a position 
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as a mathematician with the National Bureau of Standards, Washington, D. C. 

Mr. J. C. Bradford, previously a graduate student at North Texas State 
College, has been appointed to a graduate assistantship at the University of 
Oklahoma. 

Professor Richard Brauer of the University of Michigan has been appointed 
to a professorship at Harvard University. 

Professor W. H. Brothers of Talladega College has been appointed to a pro- 
fessorship at Dillard University. 

Mr. R. W. Brown, formerly a teaching fellow at Oregon State College, has a 
position as a mathematician with the National Bureau of Standards, Corona, 
California. 

Mr. G. C. Burns, previously a statistician with the Blue Cross plan, Tulsa, 
Oklahoma, is now with Douglas Aircraft, Tulsa. 

Assistant Professor E. G. H. Comfort of Illinois Institute of Technology has 
been appointed to an associate professorship at Ripon College. 

Dr. P. F. Conrad of the University of Illinois has been appointed to an as- 
sistant professorship at Newcomb College, Tulane University. 

Mr. D. E. Deal has been appointed to an instructorship at Ball State Teach- 
ers College, Muncie, Indiana. 

Professor L. E. Dix, head of the Department of Mathematics of Norwich 
University, has retired. 

Professor William Feller of Princeton University gave a series of lectures at 
the Sorbonne and a lecture before the Societé Mathematique de France in June, 
1952. 

Professor L. R. Ford, chairman of the Department of Mathematics at IIlinois 
Institute of Technology, has retired. 

Dr. A. E. Foster of Florida State University has been appointed to an in- 
structorship at Newark College of Engineering. 

Dr. Louis Garfin of the Insurance Department of the State of Oregon has 
accepted a position as Associate Actuary with the Pacific Mutual Life Insurance 
Company, Los Angeles, California. 

Dean V. L. Good of Skagit Valley Junior College is now engaged in graduate 
work at State College of Washington. 

Mr. C. C. Grandy, formerly a student at Colorado Agricultural and Mechan- 
ical College, has a position with the Digital Computer Laboratory, Massachu- 
setts Institute of Technology. 

Mr. H. C. Griffith, who has been an assistant instructor at the University 
of Missouri, has been appointed to a teaching assistantship at the University of 
Tennessee. 

Assistant Professor L. Aileen Hostinsky of Temple University has been ap- 
pointed to an assistant professorship at Pennsylvania State College. 

Dr. Hyman Kaufman, who has been a research geophysicist with Continental 
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Company, Ponca City, Oklahoma, is now Associate Professor of Mathematics 
at McGill University. 

Professor J. R. Kline, chairman of the Department of Mathematics of the 
University of Pennsylvania, is on leave of absence during the fall semester of 
1952-53 and is Visiting Professor at the University of Tiibingen, Germany. 

Assistant Professor S. R. Knox of Millsaps College has been granted a two- 
year leave of absence and is engaged in graduate study at the University of 
Michigan. 

Mr. R. A. C. Lane, formerly a graduate assistant at Lehigh University, has 
accepted a position as Engineer with R.C.A. Victor Division, Camden, New 
Jersey. 

Research Associate S. L. Levy of Brown University has been promoted to 
an assistant professorship in the Department of Applied Mathematics. 

Mr. D. B. Lowdenslager, formerly a graduate student at the University of 
Virginia, has a position with the Institute for Cooperative Research, Johns 
Hopkins University. 

Mr. R. A. Lufburrow, formerly a graduate assistant at the University of 
Wisconsin, has accepted a position as a mathematician at the Woods Hole 
Oceanographic Institute, Woods Hole, Massachusetts. 

Mr. R. W. Marsh, who has been a graduate student at George Washington 
University, has a position as a mathematician with the Defense Department, 
Washington, D. C. 

Dr. Ella Marth, Dean of Women of Harris Teachers College, has been ap- 
pointed Chairman of the Division of Mathematics and Business Education of 
James Ormond Wilson Teachers College with the rank of Professor. 

Professor E. J. Moulton of Northwestern University has retired. 

Mr. J. D. Neff, previously a graduate assistant at Purdue University, is 
now a member of the technical staff of Bell Telephone Laboratories, New York 
City. 

Assistant Professor Louisa G. Plummer of West Liberty State College has 
been appointed to an assistant professorship at Beaver College. 

Mr. E. J. Polak, who has been serving as a mathematician with Roy S. San- 
ford and Company, Oakville, Connecticut, has accepted a position as Senior 
Project Engineer with Curtiss-Wright Corporation, Electronics Division, Carl- 
stadt, New Jersey. 

Mr. J. J. Schoderbek, formerly an electronics engineer with the Glen L. 
Martin Company, Baltimore, Maryland, has a position as Research Assistant 
with the Willow Run Research Center, University of Michigan, Ypsilanti, 
Michigan. 

Mr. Seymour Schuster of Pennsylvania State College has been granted a 
fellowship at the University of Toronto for the academic year 1952-53. 

Professor R. C. Taliaferro of Portsmouth Priory School, Rhode Island, has 
been appointed to a visiting associate professorship in the General Program of 
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Liberal Education at Notre Dame University for the academic year 1952-53. 

Professor Alexander Tartler of Lafayette College has returned to Drexel 
Institute of Technology as Professor and Head of the Department of Mathe- 
matics. 

Mr. W. G. Thornton, who has been teaching at Madison High School, Flor- 
ida, is now a physicist with the United States Navy Mine Countermeasures 
Station, Panama City, Florida. 

Dr. Harold Weintraub of Tufts College has been promoted to an assistant 
professorship. 

Professor M. E. Wescott of Northwestern University has been appointed 
Professor of Applied Statistics on the faculty of Rutgers University College. 

Professor Hassler Whitney of Harvard University has been appointed a per- 
manent member of the Institute for Advanced Study. 

Assistant Professor Albert Wilansky of Lehigh University has been pro- 
moted to an associate professorship. 


Professor E. D. Meacham, Dean of the College of Arts and Sciences of the 
University of Oklahoma, died on June 28, 1952. 

Associate Professor E. B. Wedel of the University of Wichita died on July 3, 
1952. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 
Official Reports and Communications 


NEW MEMBERS 


Professor H. M. Gehman, Secretary-Treasurer, announces that the following 
one hundred and twelve persons have been elected to membership by the Board 
of Governors on applications duly certified. 


O. B. ApbER, Ph.D.(Kentucky) Instr., New St. Louis, Mo. 
Mexico College of A. and M. A., State Mrs. HELEN G. Bass, M.A.(N.Y.U.) Engi- 
College, N. M. neering Assistant, General Electric Com- 
CoLeTTE R. ANDRZEJCZAK, Student, Marquette pany, Schenectady, N. Y. 
University, Milwaukee, Wis. IMOGENE C. BECKEMEYER, B.S. in Ed. (South- 
M. G. ArsoveE, Ph.D.(Brown) Instr., Univer- ern Illinois) Asst. Instructor, Southern 
sity of Washington, Seattle, Wash. Illinois University, Carbondale, III. 
R. A. AsKEy, Student, Washington University, ALEX BEGROWICcz, JR., Student, Ball State 
St. Louis, Mo. Teachers College, Muncie, Ind. 
E. H. AvERBACH, Student, Columbia Univer- BERNARD GERALD, Brother, B.A. (Manhattan) 
sity, New York, N. Y. Asst. Professor, Manhattan College, New 


W. E. Batt, Student, Washington University, York, N. Y. 
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OLIvIER BIBERSTEIN, Diploma(Strasbourg) 
Professor, University of Ottawa, Ontario, 
Canada 

P. J. BLanK, Student, Marquette University, 
Milwaukee, Wis. 

ADELE C. BLEIER, Student, Texas State College 
for Women, Denton, Tex. 

BRAFMAN, Ph.D. (Michigan) 
Wayne University, Detroit, Mich. 

F. G. Braver, B.A.(Toronto) Grad. Stu- 
dent, Massachusetts Institute of Technol- 
ogy, Cambridge, Mass. 

J. F. Burke, Instr., Saranac Lake Study and 
Craft Guild, N. Y. 

W. L. Carrer, M.A.(Ohio State) Instr., 
Western Illinois State College, Macomb, 
Ill. 

Mrs. Hitpa Case, Student, Marquette Uni- 
versity, Milwaukee, Wis. 

J. J. Cuaxatts, Student, Northeastern Univer- 
sity, Boston, Mass. 

A. R. CHANDLER, Student, Boston University, 
Mass. 

D. R. Cuitps, Student, University of New 
Hampshire, Durham, N. H. 

Jo Ann Crpotia, Student, Elmira College, 
N. ¥. 

R. L. Conton, B.S.(Creighton) Grad. Stu- 
dent, University of Michigan, Ann Arbor, 
Mich. 

W. A. Covucn, M.A.(Washington) Instr., 
Washington University, St. Louis, Mo. 

W. R. Davis, Student, University of Oklahoma, 
Oklahoma City, Okla. 

T. H. Dewey, B.A.(California) Research 
Assistant, Los Alamos Scientific Labora- 
tory, N. M. 

T. L. Downs, Ph.D.(Harvard) Asso. Pro- 
fessor, Washington University, St. Louis, 
Mo. 

PALMER DyAL, 99 22nd Avenue, Southwest, 
Cedar Rapids, Iowa. 

LILLIAN R. ELveBACK, M.A.(Columbia) Lec- 
turer in Biostatistics, School of Public 
Health, University of Minnesota, Minne- 
apolis, Minn. 

R. V. Esperti, M.S.(Purdue) Mathemati- 
cian, U. S. Naval Ordnance Plant, Indi- 
anapolis, Ind. 

H. G. FaLaHEE, M.A.(Michigan) Asst. Pro- 
fessor, Michigan State Normal College, 
Ypsilanti, Mich. 


Instr., 
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A. L. Fass, Ph.D.(Columbia) Instr., Queens 
College, Flushing, N. Y. 

CHARLOTTE FROESE, Student, University of 
British Columbia, Vancouver, B. C., Can- 
ada 

FULLER, Jr., B.S. in Ed. (Bluefield S. C.) 
Instr., Claflin College, Orangeburg, S. C. 

Betty J. GassNeR, Student, Washington 
Square College, New York University, 
New York, N. Y. 

E. D. GLENNEy, Tool Engineer, Piasecki Heli- 
copter Corporation, Morton, Pa. 

JosEpH Gotos, Analytical Statistician, 
U.S.A.F., Wright-Patterson A. F. Base, 
Dayton, Ohio 

J. C. Goutp, Student, Wabash College, Craw- 
fordsville, Ind. 

J. E. GurnaneE, Student, Brown University, 
Providence, R. I. 

J. W. Hamsien, M.S.(Purdue) Grad. As- 
sistant, Purdue University, West Lafay- 
ette, Ind. 

C. J. Hammonp, B.S.(A. & T. C. of N. C.) 
Mathematician, Army Map Service, De- 
partment of Army, Washington, D. C. 

HuNTER HarpMAN, M.S.(Chicago) Asst. Pro- 
fessor, Marshall College, Huntington, W. 
Va. 

Georoia M. Haswe tt, M.A. (Ohio Wesleyan) 
Professor, Kansas Wesleyan University, 
Salina, Kan. 

T. H. Haynes, Jr., B.A.(Chicago) Grad. 
Student, University of Chicago, III. 

G. H. HEmsrEE, B.S. (Eastern Kentucky S. C.) 
Grad. Student & Research Assistant, Ohio 
State University, Columbus, Ohio 

B. H. Henry, M.S.(lowa) Asst. Professor, 
Parsons College, Fairfield, lowa 

Max HErRzBERGER, Ph.D.(Berlin) Research 
Scientist, Eastman Kodak Research Labo- 
ratory, Rochester, N. Y. 

T. L. HitiBurn, Student, University of Okla- 
homa, Norman, Okla. 

F. L. HotzHauser, Jr., M.A.(Kent State) 
Asst. Professor, Kent State University, 
Ohio 

J. E. Sr., B.S. (Arizona) 
Part-time Assistant, University of Arizona, 
Tucson, Ariz. 

R. L. Hucxins, B.A.(Wichita) Teaching Fel- 
low, Wichita University, Kan. 

W. J. Huesner, Jr., B.S. (St. Louis) 
Student, St. Louis University, Mo. 


Grad. 
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D. G. Hum, Ph.D.(Southern California) 
Director, Humm Personnel Service, Los 
Angeles, Calif. 

C. A. Jacoxes, M.A.(Michigan S.) Instr., 
Knox College, Galesburg, III. 

L. J. LANDER, Student, University of Cali- 
fornia at Los Angeles, Calif. 

J. N. Lemon, Jr., Student, Wabash College, 
Crawfordsville, Ind. 

Rev. BrotHEeR Leo, M.A.(St. John’s) Pro- 
fessor, St. Francis College, Brooklyn, 
N. Y. 

K. L. LEVERENCE, Student, Marquette Univer- 
sity, Milwaukee, Wis. 

R. E. LEwxowicz, B.A.(Michigan) Assistant 
in Research, Willow Run Research Center, 
Ypsilanti, Mich. 

N. S. Licutsiau, M.S. (Chicago) Grad. Stu- 
dent, University of Chicago, III. 

C. B. Ph.D.(Wisconsin) Asso. 
Professor, University of Minnesota, Du- 
luth, Minn. 

R. W. MacDoweE Lt, M.A.(Michigan)  Instr., 
University of Rochester, N. Y. 

J. N. MANGNALL, B.Sc. (Florida Southern C.) 
Mechanical Research Engineer, Bell Air- 
craft Corporation, Niagara Falls, N. Y.; 
Instr., Niagara University, N. Y. 

Cestovas Masaitis, M.A.(Kaunas) Assist- 
ant, University of Kentucky, Lexington, 
Ky. 

W. S. Massey, Ph.D.((Princeton) Asso. Pro- 
fessor, Brown University, Providence, 
mT. 

A. A. MatuiasEN, M.A.(Columbia) Research 
Engineer, Digital Computer Laboratory, 
Cambridge, Mass. 

K. A. McGown, B.A.(New Jersey S. T. C.) 
Chairman, Department of Mathematics, 
Wallington High School, N. J. 

W. H. Meap, Jr., Student, University of 
Southern California, Los Angeles, Calif. 

Mrs. DoroTHEA MEAGHER, M.A. (Oklahoma) 
Chairman, Department of Mathematics, 
Central State College, Edmond, Okla. 

Mrs. Atva P. Moore, B.A.(Smith) Head, 
Department of Mathematics, Halsted 
School, Yonkers, N. Y. 

T. D. NaGLe, Student, University of Bridge- 
port, Conn. 

Maria T. Pan, Student, Chestnut Hill Col- 
lege, Philadelphia, Pa. 


[October 


L. L. Penntst, Ph.D.(Chicago) Instr., Uni- 
versity of Illinois, Navy Pier, Chicago, IIl. 

H. E. Pickett, B.S.(Arizona S. C.) Mathe- 
matician, White Sands Proving Ground, 
Las Cruces, N. M. 

R. P. Pottvka, B.A.(North Central) 3720 
Harrison Avenue, Brookfield, III. 

MELVIN PoMERANTZ, Student, Polytechnic 
Institute of Brooklyn, N. Y. 

ANTHONY Ratston, Student, Massachusetts 
Institute of Technology, Cambridge, Mass. 

J. R. Reever, M.S.(Bradley) 315 N. 3rd, 
Box 143, Chillicothe, Ill. 

B. E. Ruoapes, B.A.(Ohio Northern) Rut- 
gers University, New Brunswick, N. J. 
RoBerRTA E. Rosinson, M.A.(Boston U.) 
Asst. Professor, Tennessee Agricultural & 
Industrial State University, Nashville, 

Tenn. 

Rotu, Ph.D.(N.Y.U.) Major and 
Instr., U. S. Military Academy, West 
Point, N. Y. 

H. R. Rouse, B.A.(Vanderbilt) Teaching Fel- 
low, Vanderbilt University, Nashville, 
Tenn. 

C. Rump, B.S.(McPherson) ‘Teacher, 
Madison High School, Kan. 

C. W. SAALFRANK, Ph.D.(Pennsylvania) Pro- 

fessor, Lafayette College, Easton, Pa. 

S. C. SAUNDERS, Student, University of Oregon, 
Eugene, Ore. 

B. D. SECKLER, M.A.(Columbia) Instr., Long 
Island University, Brooklyn, N. Y. 

Harry SHERMAN, B.S.(Brooklyn) Mathe- 
matician, Reeves Instrument Corporation, 
New York, N. Y. 

L. L. SHETLER, M.S.(Indiana) Asst. Profes- 
sor, Bluffton College, Ohio 

L. S. J. Smmeone, M.A.(Boston U.)  Instr., 
Bradford Durfee Technical Institute, Fall 
River, Mass. 

H. F. Srumons, B.A. (Wichita) Teaching Fel- 
low, Wichita University, Kan. 

A. F. Statcup, Foreman, Aluminum Company 
of America, Bettendorf, lowa 

J. J. Srepanowicna, M.S. (Illinois) Asst. Pro- 
fessor, Western Illinois State College, 
Macomb, 

M. E. Stern, Student, Washington Square 
College, New York University, New York, 
N.Y. 

L. R. Stewart, Jr., B.A.(Washington & Jef- 
ferson) Salesman, International Business 
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Machines Corporation, Pittsburgh, Pa. 

L. R. StipHam, M.S.(New Mexico C. of 
A. & M. A.) Assistant in Mathematics, 
New Mexico College of A. & M. A., State 
College, N. M. 

DorotHy J. Sropora, M.S.(Marquette) 
Grad. Assistant, Marquette University, 
Milwaukee, Wis. 

NIKOLA SvILoKkos, Student, Loyola College, 
Montreal, P. Q., Canada 

L. E. Taytor, M.A.(Illinois) Supervising 
Teacher, Western Illinois State College, 
Macomb, III. 

O. C. Tramps, B.A.(Carroll C., Wisconsin) 
Office Manager, Film Service, Milwaukee, 
Wis, 

R. J. WAGNER, Student, University of Minne- 
sota, Minneapolis, Minn. 

S. V. S. WALKER, Student, Citadel, Charleston, 

J. W. Warwick, Ph.D.(Harvard) Scientific 
Consultant, Sacramento Peak Station, 
Harvard College Observatory, Cloudcroft, 
N. M. 
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L. A. Warwick, M.A.(Michigan) Head, De- 
partment of Mathematics, Bob Jones Uni- 
versity, Greenville, S. C. 

M. S. Watkins, Student, University of To- 
ronto, Ontario, Canada 

E. B. WEINBERGER, Ph.D. (Pittsburgh) 
Mathematician, Gulf Research & Develop- 
ment Company, Pittsburgh, Pa. 

M. N. WELLNER, Student, Massachusetts In- 
stitute of Technology, Cambridge, Mass. 

ARNOLD WENDT, Ph.D. (Wisconsin) Asst. Pro- 
fessor, Western Illinois State College, 
Macomb, III. 

Betty J. WHALEY, Student, Tennessee Poly- 
technic Institute, Cookeville, Tenn. 

H. S. Wirr, Student, Massachusetts Institute 
of Technology, Cambridge, Mass. . 

DeL WILLARD, M.A.(West Virginia) Asst. 
Professor, Baldwin-Wallace College, Berea, 
Ohio 

E. W. eg, Student, Wofford College, 
Spartanburg, S. C. 

L. L. Wricut, Student, Wabash College, 
Crawfordsville, Ind. 


THE MAY MEETING OF THE ALLEGHENY MOUNTAIN SECTION 


The twenty-sixth meeting of the Allgeheny Mountain Section of the Mathe- 
matical Association of America was held at Waynesburg College, Waynesburg, 
Pennsylvania on May 10, 1952. Professor Morris Ostrofsky, Chairman of the 
Section, presided at the morning session, while Dean L. T. Moston of the host 
institution presided in the afternoon. 

There were fifty persons present including the following thirty-five members 
of the Association: 

Thomas Bauserman, W. H. Blum, J. O. Blumberg, A. M. Bryson, Abraham Charnes, J. G. 
Christiano, W. E. Cleland, A. B. Cunningham, H. A. Davis, R. C. DiPrima, F. E. Justis, J. C. 
Knipp, George Laush, C. E. Lemke, E. R. Michalik, David Moskovitz, L. T. Moston, B. H. Mount, 
Pauline C. Mount, E. F. Myers, Morris Ostrofsky, B. C. Patterson, D. D. Peters, C. N. Reynolds, 
B. L. Schwartz, F. H. Steen, J. K. Stewart, E. A. Sturley, W. C. Styslinger, T. T. Tanimoto, Mar- 
garet O. Taylor, Bird M. Turner, C. H. Vehse, M. L. Vest, V. S. Zora. 


During the business session a resolution on the death of Professor J. B. 
Rosenbach was read by Professor David Moskovitz of the Carnegie Institute 
of Technology. 

It was decided to hold the next meeting of the Section in May 1953 at the 
Carnegie Institute of Technology, Pittsburgh, Pennsylvania. 

The following papers were presented: 

1. Analytic extension by summability methods, by Professor George Laush, 
University of Pittsburgh. 


An expository discussion of the regions of summability of power series by the Borel, Hausdorff, 
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and circle methods. 


2. Vibrations of twisted cantilever beams, by Mr. R. C. DiPrima, and Profes- 
sor G. F. Handelman, Carnegie Institute of Technology. 


The problem of transverse vibrations of a twisted beam of variable cross section, clamped at 
one end, was studied, and the associated geometry was discussed briefly. The basic vector equations 
for the static deflections of a twisted beam were derived and interpreted as dynamic equations by 
regarding the distributed applied forces and couples as reversed effective forces and couples. 
Finally, the vector differential equation of the vibratory motion was derived and a minimum prin- 
ciple obtained for the lowest natural frequency of vibration of the beam. Orthogonality relations 
were found for distinct eigenfunctions, and minimum principles were derived for higher natural 
frequencies. 


3. The triangular resolution of matrices and its application, by Dr. E. B. Wein- 
berger, Gulf Research and Development Company, introduced by the Secretary. 


Almost any matrix A may be resolved into two triangular matrices S and T such that A = ST 
and S and T are lower and upper triangular, respectively. If T (or S) is specified to be a unit tri- 
angular matrix, then S and T are unique for a given A. If A is symmetric, then the resolution 
A=8SS’ may be performed. 

It was shown that two currently popular desk calculator methods for the solution of si- 
multaneous linear equations, Crout’s method and the “square root” method, are based on the tri- 
angular resolution process. A comparison was made between the efficacy of these methods and 
the Gauss elimination method. 

A recent paper by Hayes and Vickers was discussed which describes the effective use of the 
triangular resolution process for the purpose of finding the least squares solution of a set of un- 
equally-spaced data by means of orthogonal polynomials. In this technique the coefficients which 
multiply the polynomials are obtained incidentally to the usual solution of the least squares problem 
by means of a power series. 


4. Maximization of linear functionals subject to linear inequalities, by Profes- 
sor Abraham Charnes, Carnegie Institute of Technology. 


The problem was introduced by examples from economics, theory of structures, and simul- 
taneous linear equations. A geometric interpretation was provided in terms of which various 
features of the simplex method of solution were elucidated, and it was indicated how all singular 
situations could be avoided. The convenience of this method as a single digital computer 
for many of the classical linear equations problems was pointed out. 


5. Trend analysis in certain types of chance fluctuations, by Professor E. R. 
Michalik, University of Pittsburgh. 


The speaker discussed the cumulative effects in certain kinds of chance fluctuations and the 
use of the arc sine law in evaluating probabilities of these cumulative types of events. The classical 
coin tossing game was used to point out possible pitfalls in observing “obvious” trends. He also 
displayed an unusual property of the arc sine law when dealing with a certain kind of conditional 
probability, i.e., when the final outcome of the game is known. Finally, the speaker discussed a 
theorem which replaces the classical central limit theorem when the variates do not have finite 
variances. | 


6. On the inadequacy of the definition of “singular point” in complex function 
theory, by Mr. B. L. Schwartz, Duquesne University. 


There is no universally accepted definition for the term “singular point” in complex function 
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theory. Definitions vary with authors and are not generally equivalent. Nor do they accurately 
express the surprisingly consistent usage among mathematicians. The author pointed out the short- 
comings of the definitions given in several well-known texts, and advanced the following suggestion 
for an acceptable definition: By a singular point of a function f we mean a point p at which f is not 
analytic, but such that any neighborhood N of p contains points at which f is analytic, and such 
that for any two such points of N, f can be continued analytically from one to the other. 


7. The futility of mathematics without philosophy and history, by Protessor 
W. H. Blum (mathematics) and Professor G. E. Moore (history), Waynesburg 
College. 


A report issued by the National Security Resources Board expressing alarm at the shortage 
of creative thinkers in America set the tone for the paper which recommended a more direct 
emphasis on philosophy, logic, and history as a partial solution of the problem. Since mathematics 
is a human experience, its study should be a confluence of its history and philosophical implications. 
A purely mechanical and rote approach is worthless in the sense that this does not lead to a full 
consciousness of broad universal principles found in mathematics and common to all branches of 
knowledge. 

The authors felt that if the student does not see the underlying esthetic patterns found in 
mathematical discourse as logical structure he will not be likely to create anything new. Aware- 
ness of these patterns does not lead to automatic creation, and although it may be impossible to 
teach people to think, they may be aided in discovering for themselves how it is done. 

The interrelations between mathematics and general cultural developments were emphasized, 
and it was pointed out that the mathematician must be made aware of the effects of his discipline 
on civilization as well as to appreciate the importance of historical developments to the growth of 
mathematical thought. 


F. H. STEEN, Secretary 


THE MAY MEETING OF THE ILLINOIS SECTION 


The thirty-first annual meeting of the Illinois Section of the Mathematical 
Association of America was held at Western State College, Macomb, Illinois, on 
May 9 and 10, 1952. Professor S. S. Cairns, Chairman of the Section, presided 
at all sessions. 

There were fifty-three in attendance, including the following thirty-eight 
members of the Association: 

Beulah Armstrong, H. G. Ayre, Max Beberman, A. H. Black, A. I. Boatman, B. K. Brown, 
S. S. Cairns, Josephine Chanler, E. G. H. Comfort, J. E. Forbes, M. K. Fort, Jr., A. E. Gault, 
M. C. Hartley, Gertrude Hendrix, E. H. C. Hildebrandt, Martha Hildebrandt, F. E. Hohn, E. C. 
Kiefer, Rose Lariviere, Harry Levy, A. O. Lindstrum, Jr., C. T. McCormick, W. C. McDaniel, 
A. W. McGaughey, B. E. Meserve, M. G. Moore, Elsie C. Muller, F. S. Nowlan, Gordon Pall, 
J. W. Peters, W. L. Pickard, R. E. Pingrey, Haim Reingold, J. A. Schumaker, M. Anice Seybold, 
R. C. Stephens, Dunstan Velesz, Alice K. Wright. 


At the business meeting the following officers were elected for the coming 
year: Chairman, Professor H. G. Ayre, Western State College; Vice-Chairman, 
Professor M. C. Hartley, University of Illinois, Navy Pier, Chicago; Secretary- 
Treasurer, Professor E. C. Kiefer, Millikin University. The annual meeting for 
1953 will be held at the University of Illinois, Navy Pier, Chicago, on May 8 
and 9, 1953. 

The following program was presented: 
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1. Some applications of matrices, by Professor F. E. Hohn, University of 
Illinois. 
Professor Hohn outlined the range of application of matrix methods in the physical and social 


sciences, and illustrated his remarks with examples from operations research and the theory of 
communication nets. 


2. Geometric primitive solutions of the Diophantine equation G?—2V?= + K*, 
by Miss Rose Lariviere, University of Illinois, Navy Pier, Chicago. 

If equations for the sides of primitive, integral, right triangles are written in terms of the lesser 
parameters of each of the two Euclidean pairs, any such triangle can be used as a root from which 
two infinite sequences of primitive, integral, right triangles with legs of constant difference can 
be developed. Geometric counterparts for all primitive solutions of the Diophantine equation 
G?—2V?=+K*, except 1?—2(1)?=—(1)™, can be based upon these sequences and their root 
triangles by means of equations using all four Euclidean parameters. 


3. The factorization of the quadratic trinomial, by Professor F. S. Nowlan, 
University of Illinois, Navy Pier, Chicago. 
This paper outlines a procedure for expressing a quadratic 
p(x) = fx? + gx +h, 
where f, g, and # are relative prime integers, as a product of linear factors, 
p(x) = (ax + b)(cx + d), 


where also the pairs a and b, ¢ and d, are relatively prime integers. (This, of course, assumes that 
such a factorization is possible.) 

We choose any convenient positive integer k and consider two cases: Case 1, Let p(k) =n =mm2, 
where m, =a(k) +b, n2=c(k)-+d. Then to determine b and d, we write: 


(1) b=m—a(k), d=m—c(k). 
Case 2. Let p(—k), =n =mnz. Then, 
(2) b=m+a(k), d=m+c(k). 


We note that to determine b and d, Case 1 involves subtraction and Case 2 involves addition. 
(This seems the simplest approach in presenting the work to a class in high school or freshman 
algebra.) 

The factors of p(x) are determined by reference to a trial matrix 


(k) mt ) 
c'(k) m 
where a’c’ =f and nj nz =n. The appropriate choice of a’, c’, ni and nz is the choice which upon 
applying (1), or (2), gives bd =h. 
It is desirable to choose k so that p(k), or p(—k), is either a prime or the product of but a few 


prime factors, none of which are repeated. The method provides a simple and quick means of 
factoring the more involved quadratics of the type that has been indicated. 


4. The determinant of a rectangular matrix, by Professor Gordan Pall, Illinois 
Institute of Technology. 


In a very natural way, the expression D =( > A*)/? where A ranges over the abstract values 
of the minor determinants of order S in the matrix A =(a;;), (@=1,- ++, 2;j=1,--+, 5S); SSn, 
should be called the absolute determinant of A. Indeed D, considered as a function of the S-row 
vectors p:,- ++, ps Of A, has the four properties: (1) D(p, + + + , ps) is unaltered by permutation 
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of * (2) D(Kai, ps) =|K|D(o, ps); (3) D(eit+Koz, ps) 
=D(p1, +++, ps); (4) if , ps are of unit length and mutually orthogonal, then - , ps) 
=1. Any function D(p, - «+ , ps) with these properties is uniquely determined, since its value can 
be computed by use of these properties for any given vectors pi, ++: , ps. Also, if pp=bua+ +: 

+bises (where « are mutually orthogonal unit vectors) (i:=1,---, S), then the absolute value 
of the determinant |b;,| also has these properties. Hence D coincides with this absolute value. It 
also follows, in the real case, that D gives the “volume” of the S-dimensional parallelepiped with 
the row-vectors of A as edges. 


5. A generalization of the Pellian equation and applications, by Professor 
W. L. Pickard, Northern Illinois State Teachers College. 


Formulas are derived that will give the Nth solution of the cubic Pellian equation x*+Dy* 
+D?z3—3Dxyz=1, where D is a positive non-square integer, in terms of the fundamental solution. 
Generalized hyperbolic functions are used to obtain the corresponding equation ¢°(x) +y4(x) 
+x3(x) —3o(x)¥(x)x(x) =1. These functions satisfy the equation ]¥ = [¢(x) +w%x(x) 
where w'=1. By analogy with the quadratic case, the transition relations ¢(Nx) = Xv; 
¥(Nx) = WD Yn; x(Nx) = WD*Zy are written. By applying a generalized DeMoivre’s theorem, the 
equation +-ey(x) +w*x(x) =$( Nx) +0y(Nx) +0%x(Nx) is obtained. By applying the multi- 
nomial theorem to the left side, equating equal powers of w, and substituting the transition rela- 
tions the required formulas are obtained: 


Xv=> XfW/D W/D? where B+ 27 = 0 (mod 3), 


alply! 
X#@/D 
ashi VD where + 2y = 1 (mod 3), 
Zv=>. where + 2y = 2 (mod 3), 


a, 8, y and N must be positive integers, a+8+y7=N. 


6. The place of mathematics in our Illinois schools, by Professor E. H. C. 
Hildebrandt, Northwestern University. 


7. The problem of preparation in mathematics, by Professor M. Anice Sey- 
bold, North Central College; Mr. Max Beberman, University High School, 
Urbana; Mr. Edgar Leach, Head of the Mathematics Department, Evanston 
Township High School; Dr. E. L. Welker, American Medical Association, Chi- 
cago, and Professor Gertrude Hendrix, Eastern Illinois State College. 


Professor Seybold introduced the program with the statements that in the previous year’s 
discussion the problem of poor preparation was shown to exist and that now is the time for the 
Illinois Section to do something about it. She read quotations from Nimitz, MacDuffee, Lindsay, 
and others to show that there is an awakening interest on a national scale in higher standards for 
elementary and secondary schools. She pointed out trends to which we should give our support, 
mentioning such studies as that conducted at the University of Illinois by a committee from the 
departments of mathematics, engineering, and education. 

Mr. Beberman reported that this committee is seeking to develop a single mathematics pro- 
gram beginning with the ninth year on the assumptions: (1) the minimum mathematical needs of 
prospective engineers are essentially the same as the needs of students preparing for study in any 
area requiring courses in collegiate mathematics, (2) both the general educational needs of students 
and prerequisites for college mathematics courses can be satisfied by a one-track mathematics 
course in the first and possibly in the second year of high school mathematics, (3) there are many 
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concepts of general educational worth now found in later years of high school mathematics that 
should be brought down into ninth or tenth year mathematics. Eventually, through experimental 
work, the committee hopes to develop new and better high school mathematics courses. 

Miss Seybold then mentioned the core curriculum as a teaching trend not suitable for mathe- 
matics instruction and introduced the plan for college admission in bulletin No. 9 of the Illinois 
Curriculum Program, the objective of which plan is to make way for experimental high school 
courses. 

A report by Mr. Edgar Leach on his work as a member of the Steering Committee of the IIli- 
nois Curriculum Program was read. 

Dr. E. L. Welker analyzed Volume IV, “Did They Succeed in College?,” by Chamberlin and 
Chamberlin of the reports on the Eight Year Study, which study is often quoted as having proved 
that the pattern of subjects a student takes in high school has no effect upon his college success. 
Dr. Welker stated that in his opinion the study was not valid and that the statistical techniques 
were highly inadequate. 

Professor Gertrude Hendrix spoke on difficulties in implementing the college admission plan 
in bulletin No. 9. She pointed out confusion and incompleteness in implementation of the proposed 
admission plan and gave the results of a study at Eastern Illinois State College. Of a total of 2002 
freshman admissions, 1947-50, the number of survivors is 886 or 44%. Of seventy freshman admis- 
sions on General Educational Development tests in the same period only ten students, or 14%, 
survive, and some of these ten may not graduate. 

Professor Seybold then called on Professor Cairns to speak informally. Dr. Cairns described 
the rising concern of people both inside and outside of Illinois over the problem of the poor prepa- 
ration for life and for college which so many children are now receiving in school. A discussion 
followed during which resolutions were adopted. A committee will be appointed to implement 
these resolutions. 


E. C. KIErer, Secretary 


THE MAY MEETING OF THE INDIANA SECTION 


The twenty-ninth annual meeting of the Indiana Section of the Mathemati- 
cal Association of America was held at Indiana University, Bloomington, Indi- 
ana, on May 3, 1952. Two sessions were held at which Professor M. W. Keller 
of Purdue University, Chairman of the Section, presided. 

There were fifty-nine in attendance including the following thirty-nine mem- 
bers of the Association: 


Juna L. Beal. L. G. Black, Stanley Bolks, C. F. Brumfiel, G. E. Carscallen, W. W. Chambers, 
H. E. Crull, R. E. Dowds, W. E. Edington, P. D. Edwards, R. E. Ekstrom, E. L. Godfrey, S. H. 
Gould, G. H. Graves, H. E. H. Greenleaf, J. R. Hadley, Ralph Hull, M. W. Keller, Florence Long, 
Saunders MacLane, D. S. Merrilees, G. T. Miller, J. A. Nickel, P. W. Overman, T. P. Palmer, 
J. C. Polley, D. H. Porter, Arthur Rosenthal, R. M. Ross, J. F. Schell, C. P. Sousley, Anna K. 
Suter, T. Y. Thomas, Jane A. Uhrhan, M. S. Webster, K. P. Williams, H. E. Wolfe, R. C. Wrede, 
J. W. T. Youngs. 


The following officers were elected: Chairman, Professor M. A. Zorn, Indi- 
ana University; Vice-Chairman, Professor C. P. Sousley, Rose Polytechnic In- 
stitute. 

The annual meeting of 1953 will be held at Ball State Teachers College, Mun- 
cie, Indiana, on May 2. 

The following papers were presented: 


1. On two topics in advanced calculus, by Professor George Whaples, Indiana 
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University, introduced by Professor H. E. Wolfe. 


Simple methods are outlined for deriving trigonometry from the differential equation satisfied 
by the sine function and for proving the theorems on implicit functions by use of sequences of linear 
approximations. 


2. Conics among the Greeks, by Professor S. H. Gould, Purdue University. 


After a brief discussion of some examples of conics in literature and art, and of the exact mean- 
ing of the names, parabola, hyperbola, and ellipse, the speaker undertook to show that every 
modern definition of a conic appears, in more or less explicit form, in the works of the Greek 
mathematicians, 


3. An elementary derivation of the formula of Foucault, by Professor P. D. 
Edwards, Ball State Teachers College. 


Draw a circle in a plane tangent to the surface of the earth and sufficiently small that the 
radius may be considered either as a straight line or an arc of a great circle of the earth. Due to the 
rotation of the earth the points of the circle farthest from the pole move toward the East faster 
than the center. By familiar formulas of trigonometry it is shown that this difference in speed 
gives a relative motion about the center that is identical with the formula of Foucault. The only 
advantage of the meiod is that it can be understood by students who are studying trigonometry, 
whereas the development of the Foucault formula by the usual methods of dynamics involves 
,ather difficult differential equations. 


4. Some elementary principles of circulates in different number scales, by Pro- 
fessor E. L. Godfrey, Defiance College. 


An experimental study of a tabulation of the circulates of the reciprocals of prime numbers 
expressed in successive scales of notation suggested an arrangement for each prime, ?, of its cir- 
culates into p—1 groups. In each of these groups there is a constant difference between the cor- 
responding digits of the circulates for radix r and r+. The digits of this difference were shown to 
be equal to the successive powers of r modulo p. A discussion of some of the further properties of 
these differences resulting from experimental study included some suggestions concerning the pos- 
sible use of such studies in the teaching program. 


5. Unified theories of relativity, by Professor Vaclav Hlavaty, Indiana Uni- 
versity, introduced by Professor H. E. Wolfe. 


The speaker presented a brief outline of different attempts to obtain the unified theory of 
relativity (Weyl, Kaluza, Schrédinger) and the solution of Einstein’s basic problems of the theory. 


6. Homological algebra, by Professor Saunders MacLane of the University 
of Chicago, President of the Association. (By invitation.) 


Recent developments in algebraic topology and in the homology theory of groups and of other 
algebraic systems indicate the existence of a new branch of algebra which may be dubbed “homo- 
logical algebra.” A preliminary notion of this subject, that of the kernel and the image of a homo- 
morphism, may be illustrated even in the simple examples, such as the homomorphism x—e*** of 
the additive group of reals into the multiplicative group of complex numbers. In this connection, 
the notion of an exact sequence of groups and homomorphisms is introduced, and the 5-lemma for 
such exact sequences is established. 

The central concept of homological algebra is that of a differential group A, composed of an 
abelian group A and a homomorphism 9: A—A with 09=0. Each such differential group deter- 
mines a homology group H(A), defined as the quotient of the kernel of 3 by the image of 2. If 
A has a differential subgroup A’, this determines a quotient differential group A = A/A’; the asso- 
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ciated sequence H(A’) +H(A)—H(A)—H(A')— +++ is exact. If a homomorphism f of A with 
subgroup A’ into a second differential group B with subgroup B’ induces isomorphisms on H(A’) 
and H(A), the 5-lemma may be used to prove that f also induces an isomorphism of H(A) to H(B). 
It was indicated how this and similar results may be used to establish the equivalence of different 
definitions of homology theories for various types of mathematical systems. 


J. C. Secretary 


THE MAY MEETING OF THE METROPOLITAN NEW YORK SECTION 


The eleventh annual meeting of the Metropolitan New York Section of the 
Mathematical Association of America was held at Hofstra College, Hempstead, 
New York, on May 3, 1952. Mr. E. I. Shapiro, Vice-Chairman of the Section, 
presided at the morning session, and Professor James Singer, Chairman of the 
Section, presided at the afternoon session. 

One hundred fifty-one persons attended the sessions, including the following 
eighty-four members of the Association: 

R. G. Archibald, I. L. Battin, Brother Bernard Alfred, W. W. Bessell, Samuel Borofsky, C. B. 
Boyer, Benjamin Braverman, A. B. Brown, Charlotte Brown, J. H. Bushey, Jewell H. Bushey, 
P. J. Cocuzza, L. W’ Cohen, T. F. Cope, W. H. H. Cowles, I. A. Dodes, J. N. Eastham, J. E. Eaton, 
W. H. Fagerstom, A. B. Farnell, J. M. Feld, Daniel Finkel, Edward Fleisher, William Forman, 
R. M. Foster, B. P. Gill, A. J. Goldman, I. L. Goldman, Bernard Greenspan, Harriet M. Griffin, 
Carl Hammer, Frank Hawthorne, G. C. Helme, H. H. Hinman, E. Marie Hove, R. J. Jaeger, Jr., 
D. B. Jordan, L. S. Kennison, G. A. Keyes, E. R. Kiely, H. S. Kieval, M. S. Klamkin, David Kot- 
ler, Edna Kramer-Lasser, H. C. Kranzer, C. H. Lehmann, M. E. Levenson, Walter Littman, 
E. R. Lorch, W. A. Lucas, J. D. Matheson, G. J. Mazzara, F. H. Miller, Morris Morduchow, 
A. J. Mortola, G. R. Mott, A. F. Nickl, C. J. Oberist, L. F. Ollmann, Martin Orr, J. J. Quinn, 
M. R. Reeks, Moses Richardson, Selby Robinson, N. J. Rose, H. D. Ruderman, J. P. Russell, 
J. B. Ryan, John Salerno, Charles Salkind, Arthur Sard, A. H. Sarno, Abraham Schwartz, Aaron 
Shapiro, E. I. Shapiro, James Singer, F. E. Smith, E. R. Stabler, Mildred M. Sullivan, R. L. 
Swain, L. F. Tolle, A. W. Tucker, J. A. Vollkommer, Sue R. Waldman. 


The officers elected at the business meeting were: Chairman, Professor L. F. 
Ollmann, Hofstra College; Collegiate Vice-Chairman, Professor W. H. Fager- 
strom, The College of the City of New York; High-School Vice-Chairman, Mr. 
H. D. Ruderman, Manhattan High School of Aviation Trades; Secretary, Dr. 
H. S. Kieval; Treasurer, Mr. Aaron Shapiro, Midwood High School. 

At the business meeting, the following report on the activities of the Com- 
mittee on Contests and Awards was given by its chairman, Professor W. H. 
Fagerstrom: “The Committee on Contests and Awards of the Metropolitan 
New York Section of the Mathematical Association of America enlarged its 
area of operation this year to include the state of Connecticut along with its 
own area which includes southern New York, Long Island, and northern New 
Jersey. In addition, the University of Oregon and the University of British 
Columbia conducted their own contests but used the questions of the Metropoli- 
tan New York Section. One hundred thirty-three invitations were sent out to 
the larger high schools in the other 44 states of the union, not more than four 
invitations going to any one state. The registration of 39 schools from 29 states 
was most gratifying. There were 295 schools registered for the contest and 
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7,867 copies of the examinations were used. Further information regarding the 
contest and copies of the 1951 contest questions may be obtained from the 
Chairman, W. H. Fagerstrom, City College, New York 31, N. Y.” 
The twelfth annual meeting of the section will be held in the spring, 1953. 
After a welcoming address given by President J. C. Adams of Hofstra College 
the following papers were presented: 


1. Panel discussion, The mathematics curriculum: 


(a) Training for industry, by Professor R. M. Foster, Polytechnic Institute 
of Brooklyn. 

(b) Undergraduate mathematics for its own sake, by Professor Arthur Sard, 
Queens College. 


The speaker made a few general remarks, largely supporting the customary mathematical 
curriculum. 


(c) Modern psychology in the teaching of high school mathematics, by Dr. I. A. 
Dodes, Stuyvesant High School, New York City. 


The following conclusions, based on fifty years of experimentation, were presented. (1) If the 
teacher emphasizes a pattern, it will be reproduced as a learning pattern. If he attempts to cor- 
relate or integrate various fields, the learning which takes place will probably follow a subject— 
field pattern, anyhow. (2) Motivating devices do not guarantee good learning outcomes. Certain 
motivating devices which tend to “bring the goal nearer” are reported to be very successful. 
(3) No “type” of lesson will guarantee a better learning outcome than any other. (4) No specific 
classroom practice will guarantee good or bad learning outcomes. (5) The evidence concerning 
homework and tests as teaching devices is scanty. (6) There is no decisive proof that any specific 
“philosophy” of teaching (questioning, pupil activity, pupil-centered methods, etc.) guarantee good 
learning outcomes. (7) There is considerable proof that the teacher “as a whole” is the important 
factor in successful learning. The evidence does not show clearly why this is so. 


2. The theory of games, by Professor A. W. Tucker, Princeton University. 


The speaker discussed zero-sum two-person games in matrix form, giving several simple 
examples of such games and their solutions. He illustrated the role of bluffing in poker by a highly 
simplified two-person model permitting one bet and one raise. He also presented a two-person 
“dilemma” to show the complications that arise when a two-person game is mot zero-sum. 


3. On the application of algebraic methods to analysis, by Professor E. R. Lorch, 
Columbia University. 


A discussion of the introduction into problems of analysis of methods, concepts, and points 
of view which belong to algebra. Three analytical problems were considered. To determine: (a) the 
structure of a linear operator (e.g., differential or integral); (b) the structure of the ring of functions 
f(x) continuous on the closed unit interval; (c) the structure of the ring of functions f(x) integrable 
(— 0, +) where multiplication is defined by convolution. 

In discussing briefly the solution of these problems, the role of the algebraic concepts of ring, 
field, ideal, radical, idempotent, reducibility, and Boolean algebra was brought to the fore. 


4. Collegiate mathematics clubs, by Professor L. F. Ollmann, Hofstra College. 


Among the important advantages and opportunities offered the student members of our pres- 
ent day mathematical clubs over those of earlier clubs are: (1) the existence of the national honor- 
ary mathematical societies, Pi Mu Epsilon and Kappa Mu Epsilon; (2) the availabity of publica- 
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tions which cater to students of mathematics by publishing articles written by and for the students. 

The author urges all teachers to become actively interested in existing mathematical clubs 
or to sponsor new mathematical organizations to meet the needs of other students. He suggests 
that such extra effort on the part of the teacher may be very rewarding and that the attitudes 
toward mathematics of many students may be changed from indifference or even hatred to keen 
interest in mathematics by an inspiring teacher working through the medium of a well-conducted 
mathematics club. 


5. Mathematics clubs for high schools, by Mr. E. I. Shapiro, Abraham Lin- 
coln H.S., Brooklyn, N. Y. 


In recent years, a great deal of attention has been paid to the slow student but the needs of 
the superior student have been overlooked. The superior student can be greatly stimulated through 
mathematics clubs, contests, and by means of special classes. Most of the schools in the Metro- 
politan area have some form of club specializing in making models, using the slide rule, studying 
surveying, and taking up topics of a general nature. At least two schools publish excellent printed 
mathematics magazines. Some schools provide for the superior student by means of special classes. 
There are three mathematics contests conducted in the Metropolitan area. One is sponsored by the 
Interscholastic Mathematics League of New York City with frequent meets each term. The other 
two are annual contests. Of these two, one is given by the Pi Mu Epsilon chapter of New York 
University and the other is conducted by the Metropolitan New York Section of the Mathematical 
Association of America. Several hundred schools participate in these contests. 


H. S. K1EvAL, Secretary 


THE MAY MEETING OF THE MINNESOTA SECTION 


The annual meeting of the Minnesota Section of the Mathematical Associa- 
tion of America was held at the College of St. Catherine in St. Paul, Minnesota, 
on May 10, 1952. Sessions were held in the forenoon, at luncheon and in the 
afternoon. Sister M. Seraphim, Professor W. R. McEwen and Professor H. D. 
Colson, Chairman of the Section, priesided at the respective sessions. 

Sixty-nine persons attended the meeting including the following fifty-four 
members of the Association: 


H. M. Anderson, V. W. Beck, E. J. Berger, C. R. Bonnell, R. W. Brink, L. E. Bush, W. H. 
Bussey, R. H. Cameron, E. J. Camp, C. S. Carlson, Elizabeth Carlson, H. D. Colson, Helen 
Engebretson, I. C. Fischer, G. C. Francis, W. B. Fulks, Gladys Gibbens, J. E. Hafstrom, K. L. 
Hankerson, W. L. Hart, A. G. Hill, J. S. Hill, G. H. Jaeger, G. K. Kalisch, Karlis Kaufmanis, 
W. S. Loud, H. B. MacDougal, Kenneth May, W. H. McBride, W. R. McEwen, A. G. Mont- 
gomery, E. O. Nelson, M. J. Norris, J. C. Peterson, P. A. Rognlie, P. C. Rosenbloom, Ruth Schol- 
ten, L. W. Sheridan, S. C. Simonson, Sister M. Joanne, Sister M. Mercedes, Sister M. Prudentia, 
F. C. Smith, R. C. Staley, O. E. Stanaitis, Irwin Stoner, P. Y. Tani, F. J. Taylor, Takashi Terami, 
H. P. Thielman, Ella Thorp, S. E. Warschawski, K. W. Wegner, Irene L. Wente. 


At the business meeting, the following officers were elected for the coming 
year: Chairman, Professor A. G. Swanson, Gustavus Adolphus College; Secre- 
tary, Professor F. C. Smith, College of St. Thomas; Members of the Executive 
Committee, Professor H. D. Colson, Bemidji State Teachers College, Mr. J. S. 
Hill, Minnesota Mutual Life Insurance Company, Professor G. K. Kalisch, 
University of Minnesota. 

By invitation of the Executive Committee, Professor H. P. Thielman of 
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Iowa State College delivered an address at the morning session entitled “Types 
of Functions.” 
The following short papers were presented: 


1. The generalized Euler’s summation formula, by Professor O. E. Stanaitis, 
St. Olaf College. 


The formula 


0) +400, m) +, 0) m)] 
+ +4, m1 40,» +70, 014+ E 
k=O k=nd “ 0 


1¢* 1 m 


where P,(t) =¢—[t]—4 and [t] denotes, as usual, the largest integer not greater than #, is derived. 
The above formula, which is believed to be new, gives a closed expression for a double sum in terms 
of double integrals and some additional terms. If the series P(t) = — bee sin 2azt/am is substi- 
tuted and the second integral on the right is integrated by parts, a more advantageous representa- 
tion follows. The most favorable results are obtained when the higher derivatives of f(x, y) are very 
small or vanish. 

If m—+ 0, n>, the formula may be used also to prove the convergence of double series. 


2. Constructive equivalents of Vitali’s theorem, by Professor P. C. Rosenbloom, 
University of Minnesota. 

If e>0, NS exp (12/e*), and if fi, fe, - + + , fy are analytic and fr(2)| S1 for | 3| <1, then there 
are integers and j, 1Si<j3N, such that | —f;(z)| <4e for S1-«. This may be proved 
constructively in the sense that if the functions f, are defined constructively in terms of their 
Taylor coefficients, then we can give a constructive process for finding f; and f; with the above 
property. This can easily be proved to be equivalent to Vitali’s theorem, but the proof is non- 
constructive. The bound on N is far from the best possible. If the functions are defined by algo- 
rithms for computing the values at a given sequence of points {z,} such that }>|2:| =-++ ©, then 
we can again obtain a constructive process for picking out of a large number of functions in the 
family two which differ by a small amount if |z| $1—.. 


3. On Zorn’s lemma, by Professor M. J. Norris, College of St. Thomas. 


It was noted that in several proofs of the well-ordering theorem from the choice axioms, 
Zorn’s lemma is almost proved as an intermediate step. It was suggested that a direct proof of 
Zorn’s lemma might be useful for pedagogical reasons, and one such proof was sketched. 


4. Tests for completeness, by Professor R. H. Cameron, University of Min- 
nesota. 


This paper extends the validity of a formula of Ross Graves for testing sets of orthogonal func- 
tions for completeness. 


5. New magnetic device for computers, by Mr. C. R. Bonnell, Minneapolis- 
Honeywell Regulator Co. 
A short survey and explanation of pulse counting by using magnetic cores with square hys- 
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teresis loops was given and was followed by a description of several new magnetic devices of 
extreme accuracy and high resolution. The latter devices are of two types, torque devices and 
displacement measuring devices. The torque and displacement devices are being used in torque re- 
balance computers by summing torques on a shaft. The computers are closed loop servo mecha- 
nisms with high frequency response. Methods of solving algebraic and transcendental equations, 
performing arithmetical operations, and integrating were shown in block diagrams. 


6. Problems from Archimedes’ Method, by Professor R. C. Staley, University 
of North Dakota. 

Three problems from Archimedes’ treatise, The Method, were presented with the proofs based 
on mechanics. The close approach to the method of integral calculus was pointed out. These prob- 


lems were used to illustrate the value of a course in the history of mathematics when such a course 
is taught to show how the mathematicians obtained their results. 


F. C, Smitu, Secretary 


THE MAY MEETING OF THE MISSOURI SECTION 


The annual spring meeting of the Missouri section of the Mathematical As- 
sociation of America was held at Lindenwood College, St. Charles, Missouri, on 
May 2, 1952. Professor P. B. Burcham, Vice-Chairman of the Section, presided 
at the morning session and Professor Francis Regan, Chairman of the Section, 
presided at the afternoon session. 

Sixty-eight persons attended this meeting, including the following thirty- 
four members of the Association: 

J. J. Andrews, W. L. Ayres, P. B. Burcham, Mary Cummings, H. Margaret Elliott, H. M. 
Feldman, W. E. Felling, C. V. Fronabarger, W. A. Golomski, E. A. Goodhue, Franklin Haimo, 
Nola L. A. Haynes, F. F. Helton, I. I. Hirschman, L. W. Jacobs, III, G. H. Jamison, L. O. Jones, 
Paolo Lanzano, F. H. Lloyd, Jessie McLean, R. J. Michel, R. R. Middlemiss, Marie A. Moore, 
Zeev Nehari, Margaret Owchar, R. M. Rankin, Francis Regan, J. H. Skelton, W. L. Stamey, 
Choy-tak Taam, W. J. Thron, G. B. Van Schaack, Margaret F. Willerding, J. L. Zemmer. 


Special guests were Mr. M. J. Gauss and Miss Virginia Gauss, who are great- 
grandchildren of Karl Friedrich Gauss, Mrs. M. J. Gauss, and Mr. David Gauss. 

At the business meeting the following officers were elected: Chairman, Pro- 
fessor L. O. Jones, William Jewell College; Vice-Chairman, Reverend W. C. 
Doyle, Rockhurst College; Secretary-Treasurer, Professor Nola L. A. Haynes, 
University of Missouri. The Chairman announced the election of Dr. R. J. 
Michel, Southwest Missouri State College, to the Board of Governors as Sec- 
tional Governor for the period July 1, 1952 to July 1, 1955. 

The next meeting will be held at William Jewell College, Liberty, in the 
spring of 1953. 

The following papers were presented: 

1. Gauss and Gottingen, by Professor Herman Betz, University of Missouri. 


2. Tensor aspects of the calculus of variations, by Dr. Paolo Lanzano, St. Louis 
University. 


Euler’s stationarity conditions for the line. integral, z)dt, where t=dx/dt (F being a 
scalar function) along a parametrized curve x‘=x‘(t) of a regular V, are analyzed for tensor be- 


t 
a 
i 
I 


| 
un 
pr 
th 
in 
(a 
= 
th 
| 
| 
( 
| 


1952] THE MATHEMATICAL ASSOCIATION OF AMERICA 583 


havior; it is proved they constitute the components of a covariant vector; its vanishing assures the 
unicity of stationarity conditions no matter how the comparison curves are allowed to vary. The 
problem of reducing these conditions to normal form (solving for the second derivatives of the 
parameter) is shown to be intrinsically related to the F(x; ¢) and not to the coordinate system; 
the case in which F(x; <) is homogeneous of the first degree in the z’s (which makes the integral 
independent of the parametrization) is handled by the use of the infinitesimal invariant dr = F(x; #)dt 
(affine parameter) which enables us to write the equations of the extremals in the form d*x*/dr? 
= —Ti, (x; dx) (dxi /dr)(dx*/dr) where the Tal: dx)’s are the coefficients of a non-positional affine 
symmetric connection. 

Extremals thus appear to be the paths of an affinely connected manifold and many results of 
the geometry of paths can be extended to the calculus of variations. 


3. Mathematics and college students, by Professor C. V. Fronabarger, South- 
west Missouri State College. 


This paper dealt with the relationship of the high school mathematical background and en- 
trance tests to “pursuance of” and “success in” college mathematics at Southwest Missouri State 
College. The following conclusions were presented. (1) Competency in fundamental mathematical 
skills and processes increases with each half unit of high school mathematics. (2) When students 
are matched, pairwise, on the basis of the ACE Psychological Examination for College Freshmen, 
competency is independent of the particular pattern or combination presented. (3) There is little 
if any correlation between the number of units of high school mathematics and success in college 
mathematics. (4) The Stanford Achievement Test (Advanced Arithmetic) correlates more highly 
with success in college mathematics than the quantitative, linguistic, or gross score on the ACE 
Examination. Furthermore, this correlation is within the range usually found for the mathematics 
section of the Scholastic Aptitude Test. (5) Better than 75 per cent of the students who pursue 
the study of mathematics through at least five hours of calculus are above the mean of the quan- 
titative score of the ACE Examination but this same group is just average with respect to the 
linguistic score. (6) Success in college mathematics courses correlates more highly with success 
in prerequisite courses, singly and combined, than with scores on entrance tests. (7) Students of 
relatively low mental ability and arithmetic achievement can, by means of a twelve week remedial 
course, achieve and retain an advance in arithmetic skills equivalent to two elementary grades. 


4. On a criterion of non-oscillation, by Professor Choy-tak Taam, University 
of Missouri. 


5. Why a converse?, by Mr. W. A. Couch, Washington University. 


6. A critical look at undergraduate mathematics, by Dean W. L. Ayres, Purdue 
University. 


The paper points out the rigidity of the usual undergraduate program through the calculus 
and questions whether this traditional sequence of the last century fits the science of today. 
Among other points the need for an early introduction to statistics is discussed. The time spent on 
trigonometry, the conics, and some other topics seems excessive and some of the drill on technique 
may be omitted and obtained incidentally in applications. Finally the special needs of the non- 
mathematics major who takes a year of college mathematics are discussed. 


7. A tribute to Karl Friedrich Gauss and a presentation of the members of the 
Gauss family residing in St. Charles, Missouri, by Professor S. A. E. Betz, De- 
partment of English, Lindenwood College. 


S. BEASLEY, Secretary 
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THE MAY MEETING OF THE NEBRASKA SECTION 


The twenty-eighth annual meeting of the Nebraska Section of the Mathe- 
matical Association of America was held on the Agricultural College Campus of 
the University of Nebraska, Lincoln, Nebraska on May 3, 1952. Professor W. G. 
Leavitt presided at the sessions. 

Thirty persons attended the morning session including the following nine- 
teen members of the Association: 


M. A. Basoco, H. W. Becker, A. K. Bettinger, C. C. Buck, C. C. Camp, F. Marion Clarke, 
Morris Dansky, H. W. Doss, J. M. Earl, C. B. Gass, Edwin Halfar, A. L. Johnson, W. G. Leavitt, 
N. H. Mewaldt, C. R. Perisho, H. B. Ribeiro, Harry L. Rice, D. D. Rippe, Lulu L. Runge. 


Officers elected at the meeting were: Chairman, Mr. H. W. Becker, Elec- 
tronic Radio-Television Institute, Omaha; Vice Chairman, Professor W. G. 
Leavitt, University of Nebraska; Secretary, Professor Edwin Halfar, Univer- 
sity of Nebraska. 

Professor H. B. Ribeiro of the University of Nebraska was the guest speaker 
of the section. The afternoon session was held in conjunction with the Nebraska 
Section of the Council of Teachers of Mathematics. 

The following papers were presented: 

(1) Circuit means, by H. W. Becker, Electronic Radio-Television Institute, 
Omaha. 


The arithmetic, harmonic, and geometric means of a/c>b/d are special cases of the circuit 
mean CM,=2Z(z),=(za-+b)/(sc+d). This is the impedance of a four terminal network as seen 
from the source s, whose open- and short-circuit components are Z( ©), =a/c, Z(0)4=b/d. Looking 
back from the load end z, CM_=Z(s)_=(sd+6)/(sc-+a) is the circuit mean of d/c=Z()_ and 
b/a=Z(0)_. CM, =A Mx when and CM, =HMy4 when s=Z(0)+. CMs when 
2=[Z( )++Z(0)4]/*, and the network is said to be terminated in its image impedances. The 
iterative mean of a/c and b/d is IM=Z(z) =z= [a —d+ { (d—a)?+-4bc}/2]/2c, where the network 
is said to be terminated in its iterative impedance. 


(2) On certain solutions of a non-linear differential equation, by Professor 
George Seifert, University of Nebraska, introduced by the Secretary. 
The equation 0+c6-+sin 9=8, where a and f are positive constants, is the equation describing 


the motion of a rigid pendulum driven by a constant torque. This equation also arises in descrip- 
tions of synchronous motors. 


It was shown by F. Tricomi (1933) that if 0<@<1 and 
-1/2 
(= + cos ’ 


where @=—arc sin 8, then there exists a solution 6(t) such that if d0/dt=9, then 9(6) =5(6+2n) 
for all t, while if 821, such a solution exists for all a>0. By a somewhat different approach, it is 
possible to obtain a somewhat larger bound on a; more precisely, if 


then such a solution (¢) will exist. _ 
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(3) Phragmén-Lindeléf theorems for generalized subharmonic functions, by 
Professor L. K. Jackson, University of Nebraska, introduced by the Secretary. 

The notion of subharmonic function is generalized by replacing the dominating family of 
harmonic functions by a more general family of functions. It is shown that an analogue of the 
principle of the maximum modulus holds for these generalized subfunctions. This property is used 
to prove theorems of the Phragmén-Lindelif type. Solutions of certain types of elliptic differential 
equations are shown to be examples of such functions, 


(4) Ideals and the prime factorization theorem, by Miss F. Marion Clarke, 
University of Nebraska. 

The author demonstrated the failure of the fundamental theorem of arithmetic in certain al- 
gebraic fields, showed the validity of an analogous theorem with respect to ideals instead of 
integers, sketched the generalization of this theorem for transcendental extensions and indicated the 
rule of irreducibility and maximality in characterizing the property of being prime. 


(5) A development of the identities for sin (a+) and cos (a+8), by Professor 
A. K. Bettinger, Creighton University. 


The new feature of this development is a variation in the geometric construction which greatly 
simplifies the proof. Application was also made to the rotation formulas in plane analytic geometry. 


(6) Some recent developments of the analysis of the logical foundations and 
methods of algebra, by Professor H. B. Ribeiro, University of Nebraska. 


Included was a discussion of metamathematical proofs in algebra followed by an introduction 
to Tarski’s mathematical theory of arithmetical classes of algebraic systems and its applications. 


The afternoon session was devoted to a discussion of the problems of the 
teaching of secondary school mathematics. A panel composed of persons rep- 
resenting the university, the small college, the high school, and the admin- 
istrators, led the discussion. Members of the Association on the panel were 
Professor W. G. Leavitt, University of Nebraska, and Professor C. B. Gass, Ne- 
braska Wesleyan University. 

EpwIn HALFAR, Secretary 


THE MAY MEETING OF THE ROCKY MOUNTAIN SECTION 


The thirty-fifth annual meeting of the Rocky Mountain Section of the 
Mathematical Association of America was held at Western State College of 
Colorado, Gunnison, Colorado, on May 23 and 24, 1952. Professor C. H. Cook, 
Western State College of Colorado, presided. 

Forty-nine persons registered including the following thirty-seven members 
of the Association: 

C.F. Barr, J. R. Britton, R. G. Buschman, F. M. Carpenter, H. W. Charlesworth, C. H. Cook, 
G. S. Cook, Mary C. Doremus, Albert Edrei, F. N. Fisch, H. T. Guard, R. R. Gutzman, J. R. 
Hanna, I. L. Hebel, Anna S. Henriques, C. A. Hutchinson, B. W. Jones, M. W. Jones, A. J. Kemp- 
ner, Claribel Kendall, F. A. Kros, J. S. Leech, M. L. Madison, Greta Neubauer, D. O. Patterson, 
Lily B. Powell, Nathan Schwid, S. R. Smith, W. N. Smith, L. C. Snively, K. H. Stahl, P. O. Steen, 
Wilmont Toalson, E. P. Tovani, E. L. Vanderburgh, V. J. Varineau, W. W. Varner. 
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At the business meeting the following officers were elected: Chairman, Pro- 
fessor B. W. Jones, University of Colorado; Vice-Chairman, Professor C. F. 
Barr, University of Wyoming; Secretary-Treasurer, Professor J. R. Britton, 
University of Colorado. It was decided to hold the next annual meeting at the 
University of Colorado, the date to be announced later. Upon a motion by H. T. 
Guard it was voted to donate the sum of $25 to the Wald Memorial Fund. 

The following papers were presented: 

1. The spirit of discovery in mathematics, by Professor B. W. Jones, Univer- 
sity of Colorado. 


Attention was called to some of the similarities between our international situation and our 
educational difficulties. In both we are apt to blame sinister, all-powerful, and all-wise forces out- 
side our control. Actually what danger there is at present is chiefly from within. It is up to us to 
adopt an aggressive rather than a defensive attitude in both cases and with due modesty to realize 
that we have already made some impressive improvement over the past. Not the least of our op- 
portunities in the field of education is to cultivate in our students from kindergarten upward a 
spirit of discovery. We should not do all the exploration for them but should rather encourage 
them in their natural curiosity so that our pioneering heritage may be perpetuated in the realm of 
the mind. 


2. Mathematics applied to the calculation of rocket trajectories, by Mr. F. A. 
Kros, University of Colorado. 


The following method can be used to determine the position of a rocket at any instant using 
data from three camera stations. Let the lines of sight from the camera to the rocket be written 
in the form x=%o+An, y=Yot+un, 2=Zo+vr1, where (xo, yo, 20 are the coordinates of the camera, 
, #, v are the direction cosines of the line of sight and 7; is the distance from the camera to any 
point (x, y, z) on this line. Consider a function D =f(n, re, rs) such that D is the sum of the squares 
of the distances between points on each of the three lines. Minimizing this function gives us three 
linear equations in the r’s, the solution of which determines three points on the lines of sight. The 
average of these three points gives the centroid of the triangle determined by them. This centroid 
is taken as the best approximation of the rocket’s position. 


3. Forms for the solution of spherical triangles, by Mr. E. L. Vanderburgh, 
Pueblo College. 


A booklet was distributed which the author uses in teaching spherical trigonometry in seven to 
ten lessons. Three forms, each with the formulas needed and with solution outlines, are used to 
solve the six cases of oblique spherical triangles. The number of formulas is kept to a minimum 
and each one is derived in a form students of trigonometry can easily follow. By using the forms, 
it was pointed out, students can spend their time on the numerical work and easily check results 
on the form in the place provided. Also, since the complete plan is on the form, one can solve similar 
problems many years later by use of the forms and a very little review. Six students, over a period 
of four years, helped prepare the booklet as a part of their trigonometry courses. 


4. A minimum problem in Banach spaces, by Professor J. S. Leech, Colorado 
College. 


In Monatshefte fiir Mathematik, XXXII Band, 1922, pp. 204-218, Georg Pick considers 
the following problem: Let f(z) be a function analytic in the unit circle, |z| <1. Among all such 
satisfying the conditions (1) f(z.) =ax, 2,+++, m, where 2, and 

@,***, are given complex numbers such that | zal <1, what function makes the integral 
1: = fi*| fle®)| *d@ a minimum? Pick shows that this problem always has a unique solution. 
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A generalization of this problem to arbitrary Banach spaces may be stated as follows: If 
fu fs * + *, fn are m given functionals defined on a Banach space X, what element xeX satisfying 
(2) fe(x) =ax, R=1, 2,++-+, m, has the least norm? We will refer to this as the minimum problem. 

The principal result obtained is: In a Banach space X, in order that every minimum problem 
have a unique solution, it is necessary and sufficient that X be reflexive and strictly convex. In 
particular, Z is both reflexive and strictly convex; hence every minimum problem in LZ, has a unique 
solution. In this case, it is shown how to construct this minimum solution. 


5. The roots of a certain exponential equation, by Professor W. N. Smith, 
University of Wyoming. 


The equation considered is of the form 
») — AaQ, + AaQA, — = 0, 


where R; and R; are complex constants, and the A;(A, v) are asymptotically representable by power 
series in 1/ with coefficients which are at most quadratic in ». It is desired to solve for \ as a func- 
tion of the complex variable », with |\| taken to be large and | »| small. The equation is studied 
by means of approximation equations. Two of these are explicitly solvable for \ and are independ- 
ent of ». The other two may be regarded, after certain conditions have been imposed upon », as 
defining \ as an infinity of distinct single-valued functions of ». As »y approaches zero along a suitable 
path these functions are found to lie in subregions of the \-plane. Finally it is shown that the roots 
of the approximation equations actually represent the roots of the given equation asymptotically. 


6. A singular integral equation, by Professor Albert Edrei, University of 
Colorado. 
J. R. Britton, Secretary 


THE MAY MEETING OF THE UPPER NEW YORK STATE SECTION 


The annual meeting of the Upper New York State Section of the Mathe- 
matical Association of America was held at Hobart and William Smith Colleges, 
Geneva, New York, on May 10, 1952. The Chairman of the Section, Professor 
C. W. Munshower of Colgate University, presided at the morning session; the 
Vice-Chairman, Professor J. F. Randolph of the University of Rochester, pre- 
sided at the afternoon session. At the conclusion of the afternoon session a tea 
was served to members and guests. 

Ninety-seven persons attended the meeting, including the following seventy- 
two members of the Association: 


H. T. R. Aude, H. W. Baeumler, Frances E. Baker, M. R. Bates, W. R. Baum, R. A. Beaver, 
R. L. Beinert, Dorothy L. Bernstein, W. W. Bessell, H. F. Bligh, F. J. H. Burkett, K. A. Bush, 
E. A. Butler, W. B. Carver, Nancy Cole, Geraldine A. Coon, A. E. Danese, W. A. Dolid, E. J. 
Downie, Walter H. Durfee, William H. Durfee, G. V. Emerson, H. W. Eves, Jean B. Feidner, 
A. D. Fleshler, C. W. Foard, A. H. Fox, J. E. Freund, H. M. Gehman, B. H. Gere, J. C. Gibson, 
Lillian Gough, N. G. Gunderson, H. K. Holt, Anna M. Howe, J. R. F. Kent, D. E. Kibbey, F. W. 
Lane, R. D. Larsson, Caroline A. Lester, R. C. Luippold, R. W. MacDowell, Dis Maly, E. W. 
Marchand, Harriet F. Montague, Mabel D. Montgomery, L. J. Montzingo, D. S. Morse, Abigail 
M. Mosey, C. W. Munshower, W. V. Nevins, III, F. D. Parker, W. B. Pitt, Theresa L. Podmele, 
L. R. Polan, J. F. Randolph, C. E. Rhodes, M. F. Rosskopf, P. T. Schaefer, Edith R. Schnecken- 
burger, W. A. Small, S. T. Smith, Ruth W. Stokes, Mary C. Suffa, Nura D. Turner, G. W. Walker, 
R. J. Walker, F. C. Warner, A. E. Whitford, Mary E. Williams, A. G. Wootton, Frances M. Wright. 
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At the business meeting the following officers were elected: Chairman, Pro- 
fessor J. F. Randolph, University of Rochester; Vice-Chairman, Professor Har- 
riet F. Montague, University of Buffalo; Secretary, Professor N. G. Gunderson, 
University of Rochester. Mr. L. F. Scholl reported for the Committee on Math- 
ematics Contests for High School Students that a contest would be held in the 
high schools of Buffalo on May 24. Professor M. F. Rosskopf reported for the 
Committee on the Relationship of Secondary School and College Mathematics 
that the work of the Committee was completed. Motions were passed that this 
committee be dissolved, and that the Executive Committee be authorized to 
cooperate with other groups in the state to form a Joint Committee for the Ad- 
vancement of Mathematics in New York State. The 1953 meeting will be held 
at the United States Military Academy at West Point, New York. 

The following papers were presented: 

1. Parallel plate optics, by Professor F. D. Parker, St. Lawrence University. 


The problem of designing a rapid scanning antenna which conducts the energy between two 
parallel curved plates and directs the energy in a single predetermined direction is shown to be 
equivalent to requiring the geodesics on the mean surface between the parallel plates to have cer- 
tain properties. Any surface of revolution has some of these properties, but it is shown that under 
rather weak hypotheses, that no such surface has all the required properties. If the geodesics are 
altered by the introduction of a dielectric into the surface, so that the “time geodesics” are to be 
considered rather than the “length geodesics,” then still no complete solution is possible. The 
analysis is carried through from the standpoint of the optic theory rather than the corpuscular 
theory. 


2. The problem section of the Monthly, by Professor H. W. Eves, Champlain 
College, State University of New York. 


The speaker has often been asked to indicate certain broad types of problems that have been 
proposed in the MonTHLY Problem Department. In this paper a crude classification is offered, and 
the categories of the classification are illustrated by selected problems from the MonTnHty. Although 
there certainly is overlapping in the classification, it does, to some extent, suggest the origin of many 
problems. Following is the classification: (1) Challenge problems, (2) Problems presenting new 
results perhaps not important enough for a paper or a note, (3) Analogies and generalizations sug- 
gested by previous problems, (4) Problems originating as by-products of more extended investiga- 
tions, (5) Problems involving pedagogical matters, (6) Problems specifically proposed for possible 
classroom use, (7) Entertaining problems, such as puzzles, dissections, cryptarithms, and occa- 
sional recurring teasers, (8) Paradoxes and fallacies, (9) Problems having historical connections, 
(10) Problems, including occasional textbook problems, proposed in an effort to obtain simpler 
solutions, (11) Problems whose solutions are needed in order to complete an investigation or piece 
of research. 


3. High speed computing and its effect on teaching, by Dr. William H. Durfee, 
National Bureau of Standards. 


The development of high speed computing machines has revolutionized computing. Many 
problems, heretofore incapable of solution, can now be solved with their aid. This has stimulated 
research in applied mathematics and at the same time in numerical analysis, that branch of mathe- 
matics which is concerned with the science and techniques of computing. Mathematicians at all 
levels of training are in demand in considerable numbers to prepare problems to be solved on com- 
puters and this situation promises to continue for some time. The speaker gave a brief description 
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of electronic digital computers, their operation and the difficulties one encounters in the prepara- 
tion and solution of problems on them. He then went on to outline a program showing how through 
the regular calculus courses colleges could give their students some work in numerical analysis 
which would be desirable for all mathematics majors to have and at the same time provide training 
for those who plan to make a career of computing. 


4. A freshman looks at mathematics, by Mr. W. B. Pitt, University of Roch- 
ester. 


The speaker argued that particularly for his fellow students who are not mathematics majors 
a more intuitive approach to freshman mathematics would seem desirable. 


5. The mean value theorem and inequalities, by Professor K. A. Bush, Cham- 
plain College, State University of New York. 


A number of inequalities are direct consequences of the following lemma which in turn follows 
immediately from the mean value theorem: If a $b Sc, if f’(x) is monotone increasing a<x<c, then 
(b—a)f(c) +(c —b) f(a) = (c—a) f(b). The inequality is reversed if f’(x) is monotone decreasing. 

The lemma was used to establish such familiar inequalities as 


|x+a| x| | g| 


and the Liapounoff moment inequality. Generally substantial simplification of the standard proofs 
is secured by finding the proper convex function and using the lemma. 


6. Functions of subdivisions and their use in advanced undergraduate mathe- 
matics, by Professor Dorothy L. Bernstein, University of Rochester. 


The concepts of a subdivision function and of the limit of a subdivision function are presented 
in a form which can be readily understood by mathematics majors in a course in advanced calculus 
or introduction to analysis. After the basic limit theorems have been developed, one can apply 
them to present the properties of the Riemann integral in a simple and coherent manner. A second 
application of subdivision functions is then made to functions of bounded variation, a topic which 
is often neglected in such courses; the development can be made without using positive and nega- 
tive variation, but only total variation, and applies equally well to complex-valued functions. 
On the basis of these two applications the important topic of Riemann-Stieltjes integration can be 
developed for the simple cases which are used in most applications. The integral of a function of a 
complex variable along a path, as it is given in most first courses in functions of a complex variable, 
is just such a Riemann-Stieltjes integral; one need not, therefore, present a new integration theory 
to students whose previous work had included the above topics. Furthermore, some of the funda- 
mental inequalities concerning such integrals are made clearer by using the variation function of the 
path. 


7. The Leibniz characteristic triangle, by Professor Frances E. Baker, Vassar 
College. 


Two concepts that led to Leibniz’ earliest mathematical successes became main streams of 
thought until they merged in his infinitesimal calculus. These were the operations of summing and 
differencing series, and the method of moments for determining areas and surfaces. For the 
second concept he maintained his initial indebtedness to Pascal, while denying that he owed his 
methods to Barrow. Evidence from Leibniz’ manuscripts indicates his steady progress from a 
treatment of tangents following Descartes and Sluse, until the differential triangle of Pascal had 
become the characteristic triangle employed by Leibniz. Likewise his calculus of differences de- 
veloped into a true differential calculus, and the problem of quadratures, at first solved by mo- 
ments, became generalized from finite summation to a calculus of integration, recognized as the 
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inverse of differentiation. There is some evidence that clues for this final metamorphosis were 
obtained from Barrow’s Geometrical Lectures, but no indication of indebtedness to Newton. The 
influence of Cavalieri, Sluse and Hudde was considerable, as was acknowledged by Leibniz. The 
latter, however, used his characteristic triangle primarily as a means to attain his purpose of 
generalization and abstraction freed from geometry. Leibniz was fully cognizant of the advantages 
gained by his symbolism. 

N. G. GuNDERSON, Secretary 


THE MAY MEETING OF THE WISCONSIN SECTION 


The twentieth annual meeting of the Wisconsin Section of the Mathematical 
Association of America was held at the University of Wisconsin in Milwaukee, 
Wisconsin, on May 10, 1952. Professor Morris Marden presided at the morning 
session; Professor R. H. Bing presided at the afternoon session. 

About one hundred ten persons were present, including the following fifty- 
two members of the Association: 


K. J. Arnold, R. H. Bardell, Leon Battig, L. J. Berner, W. W. Bigelow, R. H. Bing, C. C. 
Braunschweiger, Leonard Bristow, R. H. Bruck, R. C. Buck, G. L. Bullis, K. L. Clark, W. R. 
Cowell, W. F. Eberlein, W. S. Ericksen, H. P. Evans, Harold Glander, R. O. Grosnick, E. G. Har- 
rell, J. S. Hokanson, Fannie Hopkins, L. B. Houk, Rev. M. L. Jautz, Frances W. Jones, Dora E. 
Kearney, J. F. Kenney, S. C. Kleene, R. E. Langer, W. E. Lawrence, A. P. Loomer, R. A. Luf- 
burrow, C. C. MacDuffee, Saunders MacLane, Morris Marden, A. E. May, Genevieve T. Meyer, 
Marianne S. Otto, G. A. Parkinson, H. P. Pettit, J. G. Renno, Jr., D. A. Rux, R. C. Seber, Sister 
M. Elizabeth, Sister Mary Felice, Sister Mary Petronia, Elizabeth S. Sokolnikoff, Abraham Spitz- 
bart, J. V. Talacko, R. D. Wagner, L. F. Wahlstrom, N. M. Watermolen, Louise A. Wolf. 


At the business meeting the following officers were elected for the coming 
year: Chairman, Professor R. H. Bing, University of Wisconsin; Secretary, Pro- 
fessor Louise A. Wolf, University of Wisconsin in Milwaukee; Program Com- 
mittee Chairman, Mr. A. C. Moeller, Marquette University. The 1953 May 
Meeting is to be held at Mount Mary College, Milwaukee. 


The program consisted of the following papers: 
1. Mathematical models for statistical quality control and industrial statistics, 
by Professor J. V. Talacko, Marquette University. 


The mathematical base of the statistical quality control charts, sampling inspection and in- 
dustrial statistics are several distribution functions. Four probability models are most important: 
the normal distribution, the binomial, the Poisson and the hypergeometric distribution. In pre- 
senting statistical quality control principles, ideas, the operation of a chance-cause system, the 
meaning of plus or minus three sigmas, the central limit theorem efc., to non-mathematicians, the 
special models, devices may be used: bags of chips with model populations and a box of 2,000, 
white and colored, wooden beads, with paddles to scoop—100, 50 or 20 beads. 


2. Definitions of trigonometric functions, by Professor W. F. Eberlein, Uni- 
versity of Wisconsin. 


3. Homotopy, by Professor Saunders MacLane, University of Chicago. 


Two continuous mappings fo and f; of a space K into a space X are homotopic if it is possible 
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to continuously deform the first map fp into the second in the space X. This concept, in its precise 
formulation, is basic in algebraic topology and its applications. For example, to any map f of a 
circle into a circle we may assign an integer m as degree, in such fashion that f is of degree n if 
and only if it is homotopic to the map ¢—n¢ which wraps the first circle m times around the second. 
This result is involved in the usual topological proof of the fundamental theorem of algebra. After 
other examples, the talk turned to the definition of the fundamental group and of the higher 
homotopy groups of a space X. These groups, whose elements are essentially the classes of homo- 
topic maps of a sphere into the space X, are difficult to compute explicitly. An essential prerequisite 
to the study of other homotopy problems is the determination of the homotopy groups of an n- 
sphere. On this question there was cited the recent substantial progress due to Serre, Whitehead, 
Blakers, Massey, Hilton, Pontrjagin and others. 


4. The student talks back, ‘»v Professor Elizabeth S. Sokolnikoff, University 
of Wisconsin. 


The speaker mentioned some of the common, and frequently contradictory, criticisms made 
by students in complaining about instruction in elementary college courses in mathematics. Then 
it was pointed out that the problem of the weak and poorly prepared students has received much 
attention, but comparatively little has been done for the exceptionally good student who may be 
wasting his time taking the regular sequence. There should be more provision for these students and 
an adequate amount of publicity, so that students would be informed, in advance, of these oppor- 
tunities, 


5. What we are doing in geometry, by Professor L. F. Wahlstrom, Wisconsin 
State College, Eau Claire. 


During the last thirty years or more, various authorities have agreed that one of the objectives 
of teaching demonstrative geometry in the high school is that of developing the ability to think 
clearly in non-mathematical as well as mathematical situations. Even at the present time, how- 
ever, many high school teachers admit that they are not prepared to teach geometry for critical 
thinking. The fault lies with their training, at least in part. Before high school teachers can teach 
the course in geometry as it should be taught, the colleges and universities must revise their own 
courses in geometry in order that the prospective high school teacher may have experiences in 
critical thinking both in mathematical and non-mathematical situations. If there is any merit to 
the statement that teachers tend to teach as they have been taught, perhaps some adaptation on 
the college level of the procedures used by Dr. H. P. Fawcett at Ohio State University as described 
in the Thirteenth Yearbook of the National Council of Teachers of Mathematics may be the 
answer. 


6. Inservice training program in the Milwaukee public schools, by Mr. H. W. 
Aker, Milwaukee Public Schools, introduced by the Secretary. 


Inservice training in Milwaukeee is tied to an incentive type salary schedule. Teachers, ad- 
ministrators, and supervisors may move to higher salary divisions on the basis of advanced aca- 
demic study or its “equivalent.” Equivalencies have been set up in the fields of travel, work- 
exnerience, professional committee service, study in non-accredited schools and with private in- 
structors, efc. With this flexible program, additional opportunities for inservice training are being 
provided in cooperation with the University of Wisconsin Extension Division, Marquette Univer- 
sity, and Wisconsin State College at Milwaukee. Classes are set up each semester on an 8-week, 
1-credit basis in four areas: (1) teaching techniques, (2) community study, (3) general or cultural 
interest, (4) follow-up of professional committee work. Acceptance of the program, which is on an 
entirely volunteer basis is indicated by enrollments which, apart from the dozens of persons who 
enroll in regular college courses for degree work, have increased from 300 to 400 to 450 in the past 
three semesters. 
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7. What membership in the Wisconsin Mathematics Council can do for you, by 
Sister Mary Felice, Mount Mary College. 

The Wisconsin Mathematics Council is the mathematics section of the Wisconsin Educational 
Association. Its object is the improvement of the teaching of mathematics on all levels. It does 
this by means of its journal, The Wisconsin Mathematics Teacher, published three times a year. Its 
research committee is responsible for the gathering of material for this journal. The journal offers 
the members suggestions for the overcoming of various difficulties in the teaching of mathematics, 
reviews of books that are recommended for the school library or for the teacher’s professional 
library. It carries reports of studies made by teachers of the state, suggests problems for which 
solutions are needed, and invites the members of the council to share their successful devices with 
their fellow teachers. 

The chief advantage of membership in the council comes from the mutual help derived by 
teachers at all the levels, elementary, high school, and college, from the study and discussion of 
their problems together. The successful solution of a teaching problem on one level suggests a solu- 
tion to some corresponding problem on another level. 


Louise A. WoLrF, Secretary 


THE JUNE MEETING OF THE PACIFIC NORTHWEST SECTION 


The sixth annual meeting of the Pacific Northwest Section of the Mathe- 
matical Association of America was held at the University of Oregon, Eugene, 
Oregon, on June 20, 1952, in conjunction with the four hundred eighty-second 
meeting of the American Mathematical Society. The meetings were a part of the 
Seventy-Fifth Anniversary celebration of the University of Oregon. In the ab- 
sence of Professor R. D. James, Chairman of the Section, Professor A. S. Merrill, 
Vice-Chairman, shared with Professor C. M. Cramlet and Professor M. S. 
Knebelman the duties of presiding at the afternoon session. 

Eighty persons were in attendance, including the following sixty members 
of the Association: 

C. B. Allendoerfer, T. M. Apostol, R. W. Ball, J. P. Ballantine, R. A. Beaumont, R. F. Bell, 
A. I. Benson, J. S. Biggerstaff, Z. W. Birnbaum, J. L. Brenner, D. G. Chapman, Harold Chatland, 
H. E. Chrestenson, Paul Civin, K. L. Cooke, D. F. Coulter, Jr., C. M. Cramlet, E. L. Crow, D. B. 
Dekker, Douglas Derry, K. S. Ghent, E. G. Goman, F. L. Griffin, S. G. Hacker, Mary E. Haller, 
A. J. Hoffman, V. E. Hoggatt, Jr., H. H. Irwin, Mark Kac, J. M. Kingston, M. S. Knebelman, 
D. H. Lehmer, R. B. Leipnik, A. E. Livingston, J. E. Maxfield, H. C. Mayer, Jr., A. S. Merrill, 
W.E. Milne, A. F. Moursund, Ivan Niven, Andrewa R. Noble, T. G. Ostrom, T. S. Peterson, A. R. 
Poole, H. F. Price, J. F. Price, P. V. Reichelderfer, A E. Richmond, Louise J. Rosenbaum, R. A. 
Rosenbaum, W. G. Scobert, W. L. Shepherd, Andrew Sobczyk, R. D. Stalley, Gabor Szegé, G. E. 
Uhrich, J. R. Vatnsdal, J. G. Wendel, F. E. Wood, F. H. Young. 


A business meeting was held in the evening at which the following officers 
were elected: Chairman, Professor R. A. Rosenbaum, Reed College; Vice-Chair- 
man, Professor Harold Chatland, Montana State University; Secretary-Treas- 
urer, Professor J. M. Kingston, University of Washington. 

The Section accepted the invitation extended by Professor A. S. Merrill 
to hold its next meeting at Montana State University, Missoula, Montana, in 
June, 1953, and the hope was expressed that it might be a joint meeting with 
the Society in continuation of this successful custom. A Program Committee 
for the 1953 meeting was appointed consisting of Professor Harold Chatland, 
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Chairman, and Professors Douglas Derry, D. R. Ryan and G. E. Uhrich. 

The afternoon session consisted of the following invited hour address, three 
fifteen minute papers and a symposium by a panel of four speakers: 

1. Continuous vector fields, by Professor C. B. Allendoerfer, University of 
Washington. (By invitation.) 

A continuous vector field in Euclidean n-space is a set of m continuous functions f*(x). The 
field is said to be singular at a point at which f*(x) =0 for all values of 7. With each isolated singu- 
larity there can be attached an integer whose value is obtained by means of an appropriate integral 
on the surface of an n—1 sphere inclosing the point. This paper discussed the applications of this 
theory to various branches of analysis, topology and differential geometry. A set of r( Sm) vector 
fields has a singularity at a point at which these fields become linearly dependent. These singulari- 
ties will not in general be isolated points, but indices for them can be defined and can be calculated 
by suitable integrals. 


2. The NOTS REAC, by Dr. F. H. Young, Naval Ordnance Test Station, 
China Lake, California. 


A description is given of the Reeves Electronic Analog Computer installation at the Naval 
Ordnance Test Station at China Lake, California. The operation of the computer is explained and 
a comparison is made between digital and analog computation. An indication is given of the means 
employed to introduce empirical functions into the computation. The “bootstrap” technique em- 
ployed in the solution of ordinary linear differential equations is illustrated. 


3. A generalization of analyticity, by Dr. M. G. Arsove, University of Wash- 
ington. 


Let @ be a fixed plane region and ¢/ the class of complex-valued functions ¢ on @ such that 
(i) R(¢) and 3(¢) are C’’ and (ii) h(E, 7) harmonic on [Q] and hy,=0 imply 4[¢(z) ] harmonic on &. 
Since analytic mappings preserve harmonicity, includes all functions analytic on Q. However, 

generalizes analyticity also from the point of view of the Cauchy-Riemann equations: a non- 
constant function ¢=£-+-77 is inc/ if and only if and 7 are harmonic and grad 7 is related to grad & 
by a constant rotation (whose angle we denote by rot ¢). It follows that each ¢ can be represented 
linearly in terms of the real and imaginary parts of a corresponding analytic function, and that 
functions of -4 satisfy the maximum modulus principle, Liouville’s theorem, Rouché’s theorem, 
and closure under uniform convergence. When locally one-one, ¢ is quasi-conformal with constant 
dilatation quotient: 


[1 +] cos (rot ¢) | ]¥*/[1 —| cos (rot ¢) | ]¥*. 
However, cA is not closed under addition or multiplication. 


4. Note concerning an improper integral, by Professor R. F. Bell, Eastern 
Washington College of Education. 


In attempting to evaluate the contour integral $¢(./4—z+~+/1+s)~"%dz, where the contour 
of integration C runs along the lower real axis from s=0 to s=4+0 and back along the upper 
side with indentations around s=3/2 and z=4, one encounters the improper real integral 
Sp(4—x)"#(2x—3) Idx. The above problem may be found in a recent text on applied mathematics 
Schelkunoff’s Applied Mathematics for Engineers and Scientists (page 321, problem 8), yet the 
answer given there is incorrect. The difficulty arises from the infinite discontinuity of the integrand 
at x=3/2. If one formally substitutes the limits into the indefinite integral the text answer may be 
obtained. However application of the theory of limits will give the Cauchy principal value of the 
improper integral to be —2—}4/10 In } (13—44/10). This is an excellent problem for a class in 
integral calculus. 
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5. Symposium on calculus teaching, moderated by Professor M. S. Knebel- 
man, State College of Washington. 


Panel: (i) Professor T. S. Peterson, University of Oregon. 


Historically, the arrangement of topics in a course on calculus has followed, and still follows, 
the classical presentation of differentiation followed by integration. The different varieties of cal- 
culus courses which exist at the present time are for the most part the result of including in the 
course varying amounts of non-calculus material. In this country two current trends in the teach- 
ing of calculus can be noted: (1) the unification of analytic geometry with calculus into a single 
course and (2) the repetitive teaching of calculus, as it applies firstly to polynomials and then to 
general functions. The first of these trends results from an apparent curricular necessity and the 
second has as its motivation certain pedagogical values. 


(ii) Professor R. A. Rosenbaum, Reed College. 


The question as to how rigor may be introduced into calculus courses is a vexing one because 
of student immaturity and lack of motivation and because of the heterogeneity of the average class. 
It was suggested that rigor may be insinuated into the course by means of problems, beginning 
with extremely easy ones, the solutions of which are expected of all class members, and proceeding 
through more difficult ones to sophisticated problems which are proposed on an “optional” basis, 
How such a sequence might be used to introduce the Mean Value Theorem was illustrated. 


(iii) Professor R. B. Leipnik, University of Washington. 


Time limitations seem to force calculus instructors to rush through sketchy proofs of sleazy 
theorems. One way out is to omit the proofs. This may be acceptable if clear-cut basic concepts are 
developed, theorems are accurately stated and counter-examples used to show what may be hoped 
for. If this is done, an economy of time and thought is also possible in later courses since introduc- 
tion of a whole new set of concepts can be avoided. For example, the binary relation (set of ordered 
pairs) can be introduced before function, to put inverse function, one-one function, eéc., in better 
perspective. The different kinds of limits can all be handled by the directed limit (E. J. McShane, 
Partial Orderings and Moore-Smith Limits, this MONTHLY, vol. 59, No. 1), which is no more com- 
plicated than the limit of a sequence. The notion of a linear functional can be used to clarify the 
maltreated differential and total differential. The Riemann-Darboux integral gives an intuitively 
reasonable and mathematically acceptable treatment of work, pressure and arc-length without the 
intervention of differentials. The notion of convex set can be used to advantage in multiple integra- 
tion. 


(iv) Professor Douglas Derry, University of British Columbia. 


This paper discussed material used in outside subjects especially in relation to the require- 
ments of the applied science students. Much of the outside material is chiefly useful to create and 
sustain interest but can, if properly handled, clarify the mathematical principles involved. How- 
ever from the point of view of the outside subjects themselves this material can only make a frag- 
mentary contribution. It should therefore not take up too much of the available time. The mathe- 
matical needs of an applied science student remain primarily a precise and clear understanding of 
the fundamental principles of the calculus. Outside material should be used only as an aid to attain 
this goal. 

In his concluding remarks the moderator mentioned several pedagogical problems which are 
ever present in the teaching of calculus and there was considerable discussion from the floor. No 
unanimous conclusion was reached. 


J. M. Kincston, Secretary 
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CALENDAR OF FUTURE MEETINGS 
Thirty-sixth Annual Meeting, Washington University, St. Louis, Missouri, 


December 30, 1952. 


The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Associate Secretary. 


ALLEGHENY Mountain, Carnegie Institute of 
Technology, Pittsburgh, Pennsylvania, 
May, 1953. 

Itt1no!s, University of Illinois, Navy Pier, 
Chicago, May 8-9, 1953. 

INDIANA, Ball State Teachers College, Muncie, 
May 2, 1953. 

Iowa, Cornell College, Mount Vernon, April 
17-18, 1953. 

KANSAS 

Kentucky, University of Louisville, Spring, 
1953. 

Millsaps College, Jack- 
son, Mississippi, February 13-14, 1953. 
MARYLAND-DistRICT OF COLUMBIA-VIRGINIA, 
Howard University, Washington, D. C., 

December 6, 1952. 

METROPOLITAN NEw York, Spring, 1953. 

MIcHIGAN, Western Michigan College of Edu- 
cation, Kalamazoo, April 11, 1953. 

Minnesota, College of St. Scholastica, Duluth, 
October 11, 1952. 

Missour!, William Jewell College, Liberty, 
Spring, 1953. 


NEBRASKA 

NORTHERN CALIFORNIA 

OHIO 

OKLaHomA, Oklahoma City, October 31, 1952. 

Paciric NortHWEST, Montana State Univer- 
sity, Missoula, June, 1953. 

PHILADELPHIA, University of Delaware, New- 
ark, November 29, 1952. 

Rocky Mountain, University of Colorado, 
Boulder, April, 1953. 

SOUTHEASTERN, Alabama Polytechnic Insti- 
tute, Auburn, March 13-14, 1953, 

SouTHERN CALIFoRNIA, Los Angeles City Col- 
lege, March 14, 1953. 

SoUTHWESTERN, New Mexico College of Agri- 
culture and Mechanic Arts, State College, 
January 2-3, 1953. 

TExas 

Upper New York State, United States Mili- 
tary Acadeny, West Point, Spring, 1953. 

Wisconsin, Mount Mary College, Milwaukee, 
May, 1953. 


THE CARUS MATHEMATICAL MONOGRAPHS 


These Monographs are a series of expository books intended to make topics in pure and 
applied mathematics accessible to teachers and students of mathematics and also to non-specialists 
and scientific workers in other fields. One copy of each Monograph may be purchased by members 
of the Association for $1.75 each. Additional copies and copies for non-members of Monographs 
1-8 are priced at $3.00 each, and must be purchased from the Open Court Publishing Co., LaSalle, 
Illinois. In the case of Monographs 9 and 10, additional copies and copies for non-members must 
be purchased at $3.00 from John Wiley and Sons, 440 Fourth Ave., New York 16, N. Y. These 
numbers have been issued to date: 


No. 1. Calculus of Variations by G. A. Bliss, No. 6. Fourier Series and Orthogonal Poly- 


xii+189 pages. nomials by Dunham Jackson, xiv-+234 
No. 2. Analytic Functions of a Complex Variable pages. 

by D. R. Curtiss, ix+173 pages. ’ No. 7. Vectors and Matrices by C. C. MacDuf- 
No. 3. Mathematical Statistics by H. L. Rietz, fee, xi+192 pages. 

ix+181 pages. No. 8. Rings and Ideals by N. H. McCoy, xii 
No. 4. Projective Geometry by J. W. Young, ix +216 pages. 

+185 pages. No. 9. The Theory of Algebraic Numbers by 


Harry Pollard, xii+143 pages. 
No. 10. The Arithmetic Theory of Quadratic 
Forms by B. W. Jones, x+212 pages. 


No. 5. History of Mathematics in America before 
1900 by D. E. Smith and Jekuthiel Gins- 
burg, viii+210 pages. 


pS 
= 
| 
‘ 2 
| 
| oe 


for your college courses 


texts by 
PAUL R. RIDER 


ANALYTIC GEOMETRY 


Understandable language, a generous supply of care- 
fully chosen exercises, and sound mathematical treat- 
ment combine to make this text a valuable contribution 


to the field. Included are discussions which are helpful | 


to every type of student need. 1947—$3.50 


COLLEGE ALGEBRA 


This text contains an exceptionally thorough review | 
of high school algebra with numerous problem exer- | 
cises, carefully selected and well graded. The problems 

in the Alternate Edition are all new. 1940 edition, | 
$3.40; Alternate Edition, $3.40 


FIRST-YEAR MATHEMATICS FOR COLLEGES 


The author has covered in a single volume, the basic 
topics for the first course in mathematics. The topics 
are logically arranged and grouped about the function 
concept, yet the individual chapters are sufficiently in- 
dependent for the teacher to adapt the book to his own 
needs. 1949—$5.00 


INTERMEDIATE ALGEBRA FOR COLLEGES 


Presented on the college level of mental maturity, this 
text is intended for use by students having only one 
year of high school algebra. A clear explanation of the 
fundamentals is achieved through the extensive illus- 
trative examples all of which are carefully graded and 
new. 1940—$3.00 


PLANE AND SPHERICAL TRIGONOMETRY 


Here is a complete course in the subject with the first 
problems made simple from a numerical standpoint in 
order to enable the student to grasp principles and to | 
learn methods without becoming lost in a maze of ' 
computations, $3.20. with tables: $3.75 


The Macmillan Company, 60 Fifth Ave., N.Y. 
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Jwo Outstanding Now 


COMMERCIAL ALGEBRA 
Robert M. Parker, Texas Technological College 


“It is evident throughout the manuscript that the author has done a competent and meticulous job. 
~ — appear to be adequate and well-stated.” Robert K. Stranathan, The City College of 
ew Yor 


Tas practical text shows the student how algebra is a useful tool in a variety of business situa- 
tions, At the same time, it provides the student with the prerequisite background for entering courses 
in mathematics of finance and business statistics. 


MATHEMATICS OF FINANCE 
Albert E. May, Racine Extension Center, University of Wisconsin 


“The simplified and concise treatment of the material is an advantage to the student. Of special 
importance is the use of frequent and varied illustrations.” Jacob O. Kamm, Baldwin-Wallace College 


Because the treatment is simple and direct, the proofs satisfying, and the applications rewarding, 
this book appeals to teachers and students alike. It builds the fundamentals bs investment theory on 
just eight simple important formulas. 


Jhroo Widely Used. Jorts 


by Frank M. Morgan 
COLLEGE ALGEBRA 


“I consider it the best text I have used in my twenty-five years of teaching. The exposition is clear 
and concise, and the exercises are uniformly excellent.” G. W. Spenceley, Miami University 


PLANE AND SPHERICAL TRIGONOMETRY 
“,.. the many examples which are included to teach the student the ‘know how’ of trigonometry 


are given in considerable detail. Checking is included as a regular part of the example and not as 
an ae.” From a review in School Science and Mathematics “ 


DIFFERENTIAL AND INTEGRAL CALCULUS 


“A very teachable text for a first course in calculus. The pupil has been _— in mind at all times 
in the presentation of the material.” As reviewed in the Peabody Journal of Education 


American Book Company 


55 Fifth Avenue 300 Pike Street 351 East Ohio St. 
New York 3, N. Y. Cincinnati 2, Ohio Chicago 11, Illinois 
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JUST PUBLISHED! 
DIFFERENTIAL EQUATIONS 


Comprehensiveness and emphasis on applications 
make this text suitable for engineering students as well} 
as for students of pure mathematics. ‘This new presen- 
tation is more inclusive than the usual text in the field. 
309 pages. $3.25 


By ALFRED L. NELSON, KARL W. FOLLEY, 
MAX CORAL, Wayne University 


WILLIAM L. HART'S 
COLLEGE TRIGONOMETRY 


A substantial treatment of plane and spherical trig- 
onometry, of moderate length with distinctly col- 
legiate viewpoint. Emphasizes analytic trigonometry, 
oriented for application in later mathematics. Exten- 
sive tables, including haversines. Text pages: Plane 
Trigonometry, 151; Complex Numbers and Appen- ) 
dix, 21; Spherical Trigonometry, 35; Tables, 130. 

$3.50 


Sates OFFICES: NEW YORK CHICAGO SAN FRANCISCO ATLANTA DALLAS 


Home OFFICE: BOSTON 
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Smith’s The Mathematics of Finance 
1S 4 Offering to the student of business administration an introductory 

d course in the mathematics of finance, this text emphasizes basic 
ll } principles rather than special formulas. Teaching aids include 27 

j diagrams, an abundance and variety of practical exercises, neces- 
a- 6 sary tables, and an index. By Franklin C. Smith, College of St. 
J Thomas. 356 pp., $4.00 


Smail’s Calculus 


Placing importance on the meaning of concepts and methods as 
well as developing techniques of problem solving, this text is suit- 
able for Arts, Science, or Engineering students. Early integration, 
involving both indefinite and definite integrals, is an important 
ae’ of the book. By Lloyd L. Smail, Lehigh University. 592 pp., 


Appleton-Century-Crofts 


35 West 32nd Street 
New York I, N.Y. 
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: HOW TO DRAW A STRAIGHT LINE 


ad By A. B. Kempe 


) The classic work on linkages first published in 1877 and reprinted from the 
: Spring 1952 PENTAGON. 


36 pages, paper covers 


50¢ for single copies; 35¢ for orders of ten or more 


THE PENTAGON, A Mathematics Magazine for Students, is published semi- 
annually by Kappa Mu Epsilon. Subscriptions $2.00 for two years, Subscribe 
now and receive the Spring 1952 number. 


Send orders to: THE PENTAGON 
310 Burr Oak St. 
q Albion, Michigan 


| 
} 

| | 

| 

| : 


TEACHING MATHEMATICS 
IN THE SECONDARY SCHOOL 


By Kinney & Purpy. A complete coverage of the curriculum and instruction in 
junior high school, senior high school, and junior college general mathematics. 
It provides a careful description of applications of present-day methods and 
materials, including visual aids as derived from actual classroom experience. 
381 pp. $5.00 


MATHEMATICS OF INVESTMENT 


By Rwer & Fiscuer. A complete analysis which treats the whole field of mathe- 
matics of investment at a fairly high level without sacrificing clarity or going 
beyond the capability of the average student with an adequate background. In- 
cludes 160 pages of tables. 359 pp. $5.00 


time to look into... 
FUNDAMENTALS OF SYMBOLIC LOGIC 


By AmprosE & LazerowiTz. “Anybody who works through it care- 
fully will have a thorough knowledge of the elements of the proposi- 
tional calculus and a useful introduction to the notation of proposi- 
tional functions and classes, with applications to syllogistic the- 
ory. These topics are handled with outstanding thoroughness and 
precision . . . a first-rate text book which deserves to be widely 
.”—Max Black in PHILOSOPHICAL REVIEW 310 pp. $5.00 


FRESHMAN MATHEMATICS 


es 


ALGEBRA FOR COLLEGE STUDENTS 


Te 529 pp. $4.00 
COLLEGE ALGEBRA 


RINEHART MATHEMATICAL 


TABLES, FORMULAS & CURVES 


RINEHART & COMPANY 


232 madison avenue - new york 16 


| 
C. V. Newson 559 pp. $5.00 


COLEERE TERTS 


CALCULUS—Rrev. Edition 


By GEORGE E. F. SHERWOOD and ANGUS E. TAYLOR, Univer- 
sity of California (Los Angeles) 


A rigorously accurate text placing greater emphasis on the understand- 
ing of theories than their application. 


Entire chapter devoted to inverse of differentiation. 


Theorems on limits are presented in the opening chapter to develop 
from the start the student’s understanding of the limiting process. 


Worked-out examples coordinate theory-development and exercises. 
568 pages 6” x 9” Published 1946 


MATHEMATICS OF FINANCE—thira Edition 


by T. M. SIMPSON, Professor of Mathematics, Emeritus, University 
of Florida; Z. M. PIRENIAN, University of Florida; and B. H. CREN- 
SHAW 


Contains entirely new sets of problems throughout the book; total num- 
ber of problems is 3200—an increase of 30 per cent over previous edi- 
tion. 


The following topics have been expanded and clarified: (-’ use of 
subscripts in mathematics, (b) determining premiums for combination 
policies, (c) surrender options of life insurance policies. 


512 pages 6” x 9” Published 1951 


COLLEGE ALGEBRA 


by MOSES RICHARDSON, Brooklyn College 


To instill a feeling for mathematical rigor in the beginning student, 
strict proofs are used whenever possible. Clear explanations of the 
principles on which these are based make them really understandable, 
making sheer memorization unnecessary. 


When it is clearly beyond the bounds of a first course to present a formal 
proof, an informal discussion is used. But it is stressed that this does 
not constitute real proof, so that nothing must ’e unlearned in more 


advanced courses, and no incorrect mathematics seeps into the student's 
habits. 


472 pages 6” x 9” Published 1947 


Send for your copies TODAY 
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INTERMEDIATE ALGEBRA 


By Paut K. Rees, Louisiana State University, and Frep W. Sparks, Texas 
Technological College. 328 pages, $3.50 


An exceptionally clear and teachable presentation of intermediate algebra which 
brings the student from a limited background in algebra through simultaneous quad- 
ratic equations; ratio, proportion, and variation; logarithms; etc. Topics of par- 
ticular difficulty are considered at length and in detail. 2500 problems, of progressive 
difficulty, are a particular feature of the text. 


ADVANCED MATHEMATICS IN PHYSICS AND ENGINEERING 
By ArtHur BronweLL, Northwestern University. Ready in October 


Presents a mathematical foundation in the principal branches of advanced mathe- 
matics used in physics and engineering. The fundamental laws of the more impor- 
tant areas are first expressed in very general form. These then become the spring- 
board for the development of vast areas of applications. The text shows how the 
fundamental formulations simplify to special cases which usually form the starting 
point in solutions of problems. 


CHARTING STATISTICS 


By Mary ELEANor SPEAR, Visual Information Specialist, U. S. Department of 
Labor; Lecturer, The American University. 253 pages, $4.50 


A treatment of the practical graphic presentation of statistical data, depicting not 
only types of charts and their appropriate use, but also subject matter of economic 
interest. It is intended to help persons interested in putting a message in visual form 
before either a specialized audience or the general public. It is also intended to pro- 
mote a closer relationship and better understanding between the analyst and the draft- 
ing room or artist. 


GENERAL COLLEGE MATHEMATICS 


B i. L. Ayres, C. G. Fry, and H. F. S. Jonau, Purdue University. 283 pages, 


A new approach to freshman mathematics, designed to help the student in his a 

plication of mathematical topics to the biological and social sciences. Keyed primarily 
for those students who will take only one year of college mathematics, this text ex- 
amines such subjects as ratios and percentages, linear and quadratic equations, trig- 
onometry, interest and its application to installment buying, laws of growth, statistics, 
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